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1 Ââåäåíèå
Ðåëàêñàöèÿ ñïèíîâûõ âîëí â êâàíòîâîõîëëîâñêîì ôåððîìàãíåòèêå (â
äâóìåðíîì ýëåêòðîííîì ãàçå (2DEG) ñ íå÷åòíûì çàïîëíåíèåì) ïðåäñòàâ-
ëÿåò ñîáîé íå òîëüêî ðåëàêñàöèþ ïîëíîãî ñïèíîâîãî ìîìåíòà ñèñòåìû ê
ñâîåìó ðàâíîâåñíîìó çíà÷åíèþ, íî è ðåëàêñàöèþ ýíåðãèè, òàê êàê êàæ-
äàÿ ñïèíîâàÿ âîëíà (ñïèíîâûé ýêñèòîí) îòäåëåí îò îñíîâíîãî ñîñòîÿíèÿ
ýíåðãåòè÷åñêîé ùåëüþ, ðàâíîé çååìàíîâñêîé ýíåðãèè. Òàêèì îáðàçîì, ðå-
ëàêñàöèÿ ñïèíîâûõ âîëí îáóñëîâëåíà íàëè÷èåì ìåõàíèçìà, êîòîðûé íå
òîëüêî îáåñïå÷èâàåò ñìåøèâàíèå ðàçëè÷íûõ ñïèíîâûõ ñîñòîÿíèé, íåîá-
õîäèìîå äëÿ ïåðåâîðîòà ñïèíà, íî è ïðèâîäèò ê äèññèïàöèè çååìàíîâñêîé
ýíåðãèè, òðàíñôîðìèðóÿ åå â òåïëîâóþ ýíåðãèþ 2DEG èëè ýíåðãèþ ôî-
íîíîâ.

Çà ñ÷åò ÷åãî ìîæåò ïðîèñõîäèòü ñìåøèâàíèå ñïèíîâûõ ñîñòîÿíèé?
Ýòî ìîæåò áûòü ìàãíèòíîå âçàèìîäåéñòâèå (âçàèìîäåéñòâèå ñ ìàãíèò-
íûìè ïðèìåñÿìè, äûðêàìè, êîíòàêòíîå âçàèìîäåéñòâèå ñ ÿäðàìè) èëè
ñïèí-îðáèòàëüíîå âçàèìîäåéñòâèå, êîòîðîå äëÿ äâóìåðíûõ ýëåêòðîíîâ
â ðåàëüíûõ ãåòåðîñòðóêòóðàõ âåñüìà ñóùåñòâåííî. Èìåííî ïîñëåäíåå,
ñâîäÿùååñÿ ê ìåõàíèçìàì Äðåññåëüõàóçà [2, 3] è Ðàøáû [11], ìû ó÷òåì â
êà÷åñòâå ïðè÷èíû, ñìåøèâàþùåé ñïèíîâûå ñîñòîÿíèÿ1. Â òî æå âðåìÿ,
äèññèïàöèÿ ýíåðãèè ìîæåò ïðîèñõîäèòü êàê çà ñ÷åò êóëîíîâñêîãî âçàè-
ìîäåéñòâèÿ, ýôôåêòèâíî ñâîäÿùåãîñÿ ê äèïîëü-äèïîëüíîìó âçàèìîäåé-
ñòâèþ ñïèíîâûõ ýêñèòîíîâ [4], òàê è èç-çà íàëè÷èÿ áåñïîðÿäêà â ñèñòåìå
[5]. Òàêîé áåñïîðÿäîê íåèçáåæíî âîçíèêàåò èç-çà âíåøíåãî ñëó÷àéíîãî
ïîòåíöèàëà, ñîçäàâàåìîãî èîíèçîâàííûìè ïðèìåñÿìè, ðàñïîëîæåííûìè
çà ñïåéñåðîì. Ñëó÷àéíûé ïîòåíöèàë (Smooth Random Potential, SRP)
ÿâëÿåòñÿ ïëàâíûì, îí îïðåäåëÿåòñÿ ðàññòîÿíèåì äî ïðèìåñåé è õàðàê-
òåðèçóåòñÿ êîðåëëÿöèîííîé äëèíîé 300-500�A. Â íàñòîÿùåé ðàáîòå ìû
ðàññìîòðèì SRP â êà÷åñòâå ìåõàíèçìà, îáåñïå÷èâàþùåãî äèññèïàöèþ
ýíåðãèè, è ñðàâíèì ðàññ÷èòàííûé òåìï ðåëàêñàöèè ñïèíîâûõ ýêñèòîíîâ
ñ ðåçóëüòàòàìè ðàáîòû [4].

Â åäèíè÷íîì àêòå ðåëàêñàöèè ñîõðàíÿåòñÿ ýíåðãèÿ. Ñóùåñòâåííûì
ðàçëè÷èåì ìåæäó êóëîíîâñêèì âçàèìîäåéñòâèåì è SRP ÿâëÿåòñÿ òî, ÷òî

1Àíàëèç ïîêàçûâàåò, ÷òî â ÷èñòîì 2DEG (â îòñóòñòâèå äûðîê è ìàãíèòíûõ ïðè-
ìåñåé) â ñèëüíîì ìàãíèòíîì ïîëå, êîãäà ìàãíèòíîå âçàèìîäåéñòâèå ñ ÿäðàìè íå ìî-
æåò îáåñïå÷èòü òðàíñôîðìàöèè ýíåðãèè èç-çà îãðîìíîé ðàçíèöû ìåæäó çååìàíîâñêîé
ýíåðãèåé ýëåêòðîíà è ÿäðà, ñïèí-îðáèòàëüíîå âçàèìîäåéñòâèå äåéñòâèòåëüíî ÿâëÿåò-
ñÿ îïðåäåëÿþùèì äëÿ èíòåðåñóþùåãî íàñ ýôôåêòà.
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â îòëè÷èå îò êóëîíîâñêîãî âçàèìîäåéñòâèÿ, ïðè íàëè÷èè SRP íå ñîõðàíÿ-
åòñÿ ïîëíûé èìïóëüñ âçàèìîäåéñòâóþùèõ ýêñèòîíîâ, ïîýòîìó, íåñìîòðÿ
íà ìàëîñòü ñïèí-îðáèòàëüíîãî âçàèìîäåéñòâèÿ ïî ñðàâíåíèþ ñ êóëîíîâ-
ñêèì, ôàçîâûé îáúåì âñòóïàþùèõ â àêò ðåëàêñàöèè ýêñèòîíîâ çíà÷è-
òåëüíî áîëüøå, ÷òî ïîçâîëÿåò îæèäàòü ñðàâíèìûå âêëàäû îáîèõ ïðîöåñ-
ñîâ â òåìï ðåëàêñàöèè.

Çàêîí ñîõðàíåíèÿ ýíåðãèè íàêëàäûâàåò ñóùåñòâåííûå îãðàíè÷åíèÿ
íà âîçìîæíûé àêò ðåëàêñàöèè. Â ÷àñòíîñòè, ðåëàêñàöèÿ îäíîãî ýêñèòîíà,
êàê âîçáóæäåíèÿ ñ íåíóëåâîé ýíåðãèåé, ïðîòèâîðå÷èò çàêîíó ñîõðàíåíèÿ
ýíåðãèè.

Ïðè íàëè÷èè ñëàáîãî ñïèí-îðáèòàëüíîãî âçàèìîäåéñòâèÿ ãàìèëüòî-
íèàí äèàãîíàëèçóåòñÿ â ðàìêàõ òåîðèè âîçìóùåíèé. Â ïîëó÷åííîì òà-
êèì îáðàçîì áàçèñå âîëíîâûõ ôóíêöèé ñ çàäàííîé ñïèðàëüíîñòüþ SRP
èìååò íåíóëåâûå ìàòðè÷íûå ýëåìåíòû äëÿ ïåðåõîäà èç äâóõýêñèòîííîãî
ñîñòîÿíèÿ â îäíîýêñèòîííîå. Ýòî ïðèâîäèò ê äîïîëíèòåëüíîìó âêëàäó
â òåìï ðåëàêñàöèè, êîòîðûé ïðè íåêîòîðûõ (âåñüìà ðàñïðîñòðàíåííûõ)
óñëîâèÿõ ÿâëÿåòñÿ ãëàâíûì.
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2 Ñïèñîê èñïîëüçóåìûõ îáîçíà÷åíèé
λ ìàãíèòíàÿ äëèíà

∆ = gµBB çååìàíîâñêàÿ ýíåðãèÿ
u, v êîíñòàíòû ñïèí-îðáèòàëüíîãî âçàèìîäåéñòâèÿ

Q+
q , Qq îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ ýêñèòîíà
n íîìåð óðîâíÿ Ëàíäàó
κ äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü ñðåäû

m∗ ýôôåêòèâíàÿ ìàññà ýëåêòðîíà
M ýôôåêòèâíàÿ ìàññà ýêñèòîíà
NΦ âûðîæäåíèå óðîâíÿ Ëàíäàó
ωc öèêëîòðîííàÿ ÷àñòîòà
ν çàïîëíåíèå
N ÷èñëî ýëåêòðîíîâ
µ õèìè÷åñêèé ïîòåíöèàë

β = ∆/T
ϕ(r) ñëó÷àéíûé ïîòåíöèàë
U(r) Êóëîíîâñêîå âçàèìîäåéñòâèå

Ψ+(r), Ψ(r) ïîëåâûå îïåðàòîðû ýëåêòðîíîâ
a, b îïåðàòîðû óíè÷òîæåíèÿ ýëåêòðîíîâ íà íèæíåì è âåðõíåì

ñïèíîâûõ ïîäóðîâíÿõ
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3 Êâàíòîâîõîëëîâñêèé ôåððîìàãíåòèê
Ðàññìîòðèì êâàçèäâóìåðíûé ýëåêòðîííûé ãàç (2DEG), ñôîðìèðîâàí-
íûé ïîëóïðîâîäíèêîâîé ãåòåðîñòðóêòóðîé (íàïðèìåð, GaAs/AlGaAs).

Áóäåì ñ÷èòàòü, ÷òî ýíåðãèÿ ïðîñòðàíñòâåííîãî êâàíòîâàíèÿ∼ ~2/m∗d2

âåëèêà ïî ñðàâíåíèþ ñ äðóãèìè âêëàäàìè â ýíåðãèþ ýëåêòðîíà, è ïîýòî-
ìó çàñåëåí òîëüêî íèæíèé óðîâåíü ïðîñòðàíñòâåííîãî êâàíòîâàíèÿ. Â
ýòîì ñìûñëå ìû áóäåì íàçûâàòü ýëåêòðîííûé ãàç äâóìåðíûì (2 dimensional
electron gas � 2DEG).

Âûáåðåì îñü z ïðÿìîóãîëüíîé ñèñòåìû êîîðäèíàò ïåðïåíäèêóëÿðíî
ïëîñêîñòè 2DEG, îñè x è y - â ïëîñêîñòè.

Ïðèëîæèì ñèëüíîå ìàãíèòíîå ïîëå B ∼ 10 Òë âäîëü îñè z.
Âûáåðåì êàëèáðîâêó Ëàíäàó âåêòîð-ïîòåíöèàëà A = (0, xB, 0), ÷òî

ñîîòâåòñòâóåò A = (0, 0, B).
Â ïðåíåáðåæåíèè âçàèìîäåéñòâèåì ýëåêòðîíîâ óðàâíåíèå Øðåäèíãå-

ðà èìååò âèä

1

2m

(
p +

e

c
A

)2

ψ =

(
p̂x

2

2m
+

mω2
c

2

(
x̂ +

cpy

eB

)2
)

ψ = Eψ (1)

Ïðèìåíèòåëüíî ê ýëåêòðîíàì â ïîëóïðîâîäíèêîâîé ãåòåðîñòðóêòóðå GaAs/AlGaAs,
íóæíî ó÷èòûâàòü, ÷òî ýôôåêòèâíàÿ ìàññà ýëåêòðîíà ñîñòàâëÿåò m ≈ 0.07me.

Íîðìèðîâàííûå ðåøåíèÿ óðàâíåíèÿ Øðåäèíãåðà èìåþò âèä [6]

Ψ(x, y) = L−1/2
∑

k,n

(an,k| ↑〉+ bn,k| ↓〉)eikyξn(xλ−1 + kλ) (2)

è îáðàçóþò îðòîãîíàëüíûé áàçèñ. ×åðåç ξ ìû îáîçíà÷èëè ôóíêöèþ áåç-
ðàçìåðíîãî àðãóìåíòà

ξn(t) = (2nn!
√

π)−1/2e−t2/2Hn(t) (3)

Hn(t) � ïîëèíîì Ýðìèòà. Ìû èñïîëüçóåì îáîçíà÷åíèÿ ω = eB
m∗c äëÿ öèê-

ëîòðîííîé ÷àñòîòû è λ =
√

c~
eB

äëÿ ìàãíèòíîé äëèíû.
Îòìåòèì, ÷òî õàðàêòåðíûì ðàçìåðîì âîëíîâîãî ïàêåòà ÷àñòèöû â

ìàãíèòíîì ïîëå ÿâëÿåòñÿ ìàãíèòíàÿ äëèíà. Åå è âûáåðåì â êà÷åñòâå
åäèíèöû äëèíû.

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî ýëåêòðîííûé ãàç çà-
êëþ÷åí â êâàäðàòíîé îáëàñòè L× L.
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Ýíåðãèÿ ýëåêòðîíîâ ñ ó÷åòîì ñïèíà èìååò âèä

E = ~ωc

(
n +

1

2

)
− gµBBσ,

µ

s
= −|e|~

mc
⇒ E = ~ωc

(
n +

1

2
+ σ

)
(4)

Êàæäûé óðîâåíü Ëàíäàó âûðîæäåí (â êàëèáðîâêå Ëàíäàó ïî ky), âû-
ðîæäåíèå îïðåäåëÿåòñÿ ìàãíèòíûì ïîëåì:

NΦ =
L2

2πλ2

Ñ ó÷åòîì ýôôåêòèâíîé ìàññû ýëåêòðîíà m∗ = 0.07m

ωc
eB

m∗c

Â ïîëóïðîâîäíèêîâîé ãåòåðîñòðóêòóðå GaAs/AlGaAs ôàêòîð Ëàíäå
ðàâåí g = −0.44, ïîýòîìó íåò âûðîæäåíèÿ, õàðàêòåðíîãî äëÿ ñâîáîäíûõ
ýëåêòðîíîâ, è ñïåêòð èìååò âèä, ïðåäñòàâëåííûé íà Ðèñ. 1.

hw
c

n+1

n

n−1

B

Ðèñ. 1: Çååìàí-ðàñùåïëåííûå óðîâíè Ëàíäàó

Èçìåíÿÿ íàïðÿæåíèå, ïðèëîæåííîå ê çàòâîðó, ìîæíî ìåíÿòü õèìè-
÷åñêèé ïîòåíöèàë, à âìåñòå ñ íèì è êîíöåíòðàöèþ ýëåêòðîíîâ â 2DEG.

×èñëî çàïîëíåííûõ óðîâíåé Ëàíäàó - ÷èñëî çàïîëíåíèÿ - îïðåäåëÿ-
åòñÿ êàê îòíîøåíèå ÷èñëà ýëåêòðîíîâ N ê ÷èñëó ñîñòîÿíèé íà îäíîì
ñïèíîâîì ïîäóðîâíå ν = N/NΦ.
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Ïðè öåëûõ íå÷åòíûõ ν ñèñòåìà èìååò ôåððîìàãíèòíîå îñíîâíîå ñî-
ñòîÿíèå è ïîëó÷èëà â ëèòåðàòóðå íàçâàíèå "êâàíòîâîõîëëîâñêèé ôåððî-
ìàãíåòèê".

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå ðåëàêñàöèè íèçêîëåæà-
ùèõ âîçáóæäåíèé â êâàíòîâîõîëëîâñêîì ôåððîìàãíåòèêå.

4 Ñïèí-îðáèòàëüíîå âçàèìîäåéñòâèå
Ñïèí-îðáèòàëüíûé ãàìèëüòîíèàí èìååò âèä

Hso = α[k × σ] + β(kyσy − kxσx)

Ñëàãàåìîå ñ êîýôôèöèåíòîì α âïåðâûå ââåäåíî Ý. È. Ðàøáà [11], â êó-
áè÷åñêèõ ïîëóïðîâîäíèêàõ îíî ïîÿâëÿåòñÿ â ðåçóëüòàòå ïðèëîæåíèÿ íà-
ïðÿæåíèÿ ê çàòâîðó, èëè ïðè îäíîðîäíîé äåôîðìàöèè â íàïðàâëåíèè, íå
ñîâïàäàþùåì ñ êðèñòàëëîãðàôè÷åñêèì.

Äðóãîå ñëàãàåìîå ïîëó÷åíî Äðåññåëüõàóçîì äëÿ ïîëóïðîâîäíèêîâ áåç
öåíòðà èíâåðñèè [2] (òàêæå ñì. [3]). Â îáîçíà÷åíèÿõ

k± = ∓ i√
2
(kx ± iky), k = −i∇+

e

~c
A

èìååì:
Hso = −

√
2(α(k+σ+ + k−σ−) + iβ(k+σ− + k−σ+)) (5)

Èñïîëüçóÿ ôîðìóëû

∂xHn(x) = 2nHn−1(x), Hn+1 = 2xHn(x)− 2nHn−1(x)

ïîëó÷àåì
k+|np〉 =

√
n + 1|n + 1〉

k−|np〉 =
√

n|n− 1〉
Ìàòðè÷íûå ýëåìåíòû

〈np ↓ |Hso|mq ↑〉 = −〈np|(α√m + 1|m + 1, q〉 − iβ
√

m|m− 1, q〉) (6)
〈np ↑ |Hso|mq ↓〉 = −〈np|(α√m|m− 1, q〉+ iβ

√
m + 1|m + 1, q〉) (7)
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Ïî òåîðèè âîçìóùåíèé äëÿ ïîïðàâêè ïåðâîãî ïîðÿäêà ê ñîáñòâåííûì
ôóíêöèÿì èìååì

|np ↑〉(1) =
1

~ωc

(
α
√

n + 1|n + 1, p ↓〉+ iβ
√

n|n− 1, p ↓〉
)

(8)

|np ↓〉(1) =
1

~ωc

(
−α

√
n|n− 1, p ↑〉+ iβ

√
n + 1|n + 1, p ↑〉

)
(9)

Èíäåêñ σ â âîëíîâûõ ôóíêöèÿõ |npσ〉 = |npσ〉(0) + |npσ〉(1) íàçûâàåòñÿ
ñïèðàëüíîñòüþ. Âûïèøåì âîëíîâûå ôóíêöèè ýëåêòðîíîâ â ñîñòîÿíèÿõ
ñ çàäàííûìè n, p, σ(+,−):

ψnp+ =
eipy

√
L

(
ψn,p

v
√

n + 1ψn+1,p + iu
√

nψn−1,p

)
, (10)

ψnp− =
eipy

√
L

(−v
√

nψn−1,p + iu
√

n + 1ψn+1,p

ψn,p

)
, (11)

5 Ýêñèòîííîå ïðåäñòàâëåíèå
5.1 Êóëîíîâñêàÿ ýíåðãèÿ
Ïóñòü âq è b̂q - ôåðìèåâñêèå ïîíèæàþùèå îïåðàòîðû äëÿ ñîñòîÿíèé | ↑, q〉
è | ↓, q〉 ñîîòâåòñòâåííî.

×òîáû ïðèáëèçèòüñÿ ê ðàññìîòðåíèþ ìíîãî÷àñòè÷íîé çàäà÷è, èçó÷èì
âêëàä êóëîíîâñêîé ýíåðãèè âçàèìîäåéñòâèÿ ýëåêòðîíîâ â ãàìèëüòîíèàí

He−e =
1

2

∫∫
drdr′Ψ+(r)Ψ+(r′)U(|r− r′|)Ψ(r′)Ψ(r)

Ìû ïðåíåáðåãàåì êðàåâûìè ýôôåêòàìè, ïîýòîìó â èíòåãðàëàõ ïî
ïëàñòèíêå ìîæíî îòáðàñûâàòü ñëàãàåìûå ñ ìàëîñòüþ λ/L.

U(q) - Ôóðüå-êîìïîíåíòà ýôôåêòèâíîãî êóëîíîâñêîãî ïîòåíöèàëà. Äëÿ
èäåàëüíî äâóìåðíîãî ñëó÷àÿ U(q) = e2

κλ
2π
q
, îòêëîíåíèå îò äâóìåðíîñòè

ìîæíî ó÷åñòü ââåäåíèåì â ïîäûíòåãðàëüíîå âûðàæåíèå ôîðì-ôàêòîðà,
çàâèñÿùåãî îò ãåîìåòðèè ÿìû.

Âûðàæàÿ êóëîíîâñêóþ ýíåðãèþ ÷åðåç Ôóðüå-îáðàç,

U(r) =
e2

εr
=

2πe2

ε

∫
d2seisr1

s
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è èñïîëüçóÿ

Ψ̂(x, y) =
eipy

√
L

[
ânpχan(x + p) + b̂npχbn(x + p)

]
(12)

ñ ñîîòâåòñòâóþùèìè ñïèíîðàìè â ôîðìå

χa(x) =

(
ψn(x)

v
√

n + 1ψn+1(x) + iu
√

nψn−1(x)

)
(13)

χb(x) =

(−v
√

nψn−1(x) + iu
√

n + 1ψn+1(x)

ψn(x)

)
(14)

ãäå âûðàæåíèå äëÿ êîîðäèíàòíîé ÷àñòè âîëîâîé ôóíêöèè ýëåêòðîíà íà
óðîâíå Ëàíäàó

ψn(x) =
1√√
π2nn!

exp
(−(x + p)2/2

)
Hn(x + p) (15)

ïîëó÷àåì â ïðåäñòàâëåíèè âòîðè÷íîãî êâàíòîâàíèÿ

1

2L2

∑

σσ′ηη′

∫
dr dr′

1

(2π)6
dp dp′ dq dq′ d2s

e−ipya+
pσχ

+
σ (x + p)e−ip′y′a+

p′σ′χ
+
σ′(x

′ + p′)

2πe2

εs
eis(r−r′)

eiq′y′ap′η′χη′(x
′ + q′)eiqyapηχη(x + q) (16)

Ñíà÷àëà ïðîèíòåãðèðóåì ïî y, y′, ïîëó÷àåìûå äåëüòà-ôóíêöèè Äèðàêà
îáåñïå÷èâàþò ñîõðàíåíèå èìïóëüñà â âåðøèíàõ:

1

L2

∫
dyeiy(−p+sy+q)

∫
dy′eiy′(−p′−sy+q′) =

1

L2
Lδ(sy + q − p)Lδ(q′ − sy − p′)

Çàòåì èçáàâèìñÿ îò äåëüòà-ôóíêöèé, èíòåãðèðóÿ ïî q, q′, è âûïîëíèì çà-
ìåíû x = x̃−p+sy/2, x

′ = x̃′−p′−sy/2, ïîñëå ÷åãî âûðàæåíèå ïðèíèìàåò
âèä

1

2

2πe2

ε

∫
d2s

s
Fχσ ,χη(s)Fχσ′ ,χη′ (−s)

dpdp′

(2π)2
eisx(p′−p+sy)a+

pσa
+
p′σ′ap′+sy ,η′ap−sy ,η
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Çäåñü Fχσ ,χσ′ (s) =
∫

dxχ+
σ (x + sy/2)χσ′(x − sy/2)eisxx = F+

χσ′ ,χσ
(−s). Âû-

÷èñëèì F äëÿ ýëåêòðîíîâ íà äâóõ íèæíèõ óðîâíÿõ Ëàíäàó (Ïîëèíîìû
Ýðìèòà H0(x) = 1, H1(x) = 2x, èíòåãðàëû ãàóññîâû):

Fψ0,ψ0(s) = e−s2/4 (17)
Fψ0,ψ1(s) = e−s2/4(isx − sy)/2, (18)
Fψ1,ψ0(s) = e−s2/4(isx + sy)/2, (19)

Èñïîëüçóÿ àíòèêîììóòàöèîííûå ñîîòíîøåíèÿ äëÿ ôåðìèîííûõ îïåðà-
òîðîâ, íåòðóäíî âû÷èñëèòü

∫∫
dpdp′

(2π)2
eisx(p′−p+sy)a+

pσa
+
p′σ′ap′+sy,η′ap−sy ,η =

e−isxsy

∫
e−isxpa+

p+sy/2,σap−sy/2,η
dp

2π

∫
eisxp′a+

p′−sy/2,σ′ap′+sy/2,η′
dp′

2π
−

e−isxsy

∫
dp

2π
a+

p,σap,η′δσ′,η =

e−isxsy

(√
NQ+

aσaη
(s)
√

NQ+
aσ′aη′

(−s)−
√

NQ+
aσaη′

(0)δσ′,η

)
(20)

Îêîí÷àòåëüíî ïîëó÷àåì

He−e =
1

2

∑

σσ′ηη′

∫
d2sU(s)Fχσ,χη(s)Fχσ′ ,χη′ (−s)×

(
NQ+

aσaη
(s)Q+

aσ′aη′
(−s)−

√
NQ+

aσaη′
(0)δσ′,η

)
, (21)

ãäå ìû ââåëè îáîçíà÷åíèå

Q+
cdq = N

−1/2
Φ

∑
p

d̂+
p+qy/2ĉp−qy/2e

−iqxp (22)

Îïåðàòîð (22) ðîæäàåò âîçáóæäåíèå ñ âîëíîâûì âåêòîðîì q è ñïèíîì
1 - ñïèíîâûé ýêñèòîí.

Ââèäó èíâàðèàíòíîñòè ñèñòåìû îòíîñèòåëüíî ïîâîðîòîâ âîêðóã îñè
z, ïîëíûé ñïèí è åãî ïðîåêöèÿ íà îñü z ÿâëÿþòñÿ õîðîøèìè êâàíòîâûìè
÷èñëàìè.

Â ðàáîòå [1] áûëî ïîêàçàíî, ÷òî ðîæäåíèå ýêñèòîíà ñ q = 0 óìåíü-
øàåò ïðîåêöèþ ïîëíîãî ñïèíà, íî íå ìåíÿåò S2, à ðîæäåíèå ýêñèòîíà ñ
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q 6= 0 óìåíüøàåò çíà÷åíèå S íà åäèíèöó. Òàêèì îáðàçîì, ñïèí ñèñòåìû è
åãî ïðîåêöèÿ îäíîçíà÷íî ñâÿçàíû ñ êîëè÷åñòâàìè íóëåâûõ è íåíóëåâûõ
ýêñèòîíîâ â ñèñòåìå, ïîýòîìó ðåëàêñàöèÿ ñïèíà åñòü ðåëàêñàöèÿ ýêñèòî-
íîâ.

5.2 Îïåðàòîðû ýêñèòîííîãî ïðåäñòàâëåíèÿ
Êàê áûëî ïîêàçàíî â ïðåäûäóùåì ðàçäåëå, âûðàæåíèå äëÿ êóëîíîâñêîãî
ãàìèëüòîíèàíà çàìåòíî óïðîùàåòñÿ ïðè èñïîëüçîâàíèè îïåðàòîðîâ Qq.
Ýòè îïåðàòîðû áûëè âïåðâûå ââåäåíû â ðàáîòàõ Áû÷êîâà è Ðàøáà [1].
Äàëüíåéøåå ðàçâèòèå ýòà òåõíèêà ïîëó÷èëà â ðàáîòàõ [7], [8]. Êîììóòà-
öèîííûå ñîîòíîøåíèÿ äëÿ îïåðàòîðîâ (22) ïîëó÷àþòñÿ íåïîñðåäñòâåííî
ñ ïîìîùüþ ïðàâèë êîììóòàöèè ôåðìèåâñêèõ îïåðàòîðîâ,

[
Q+

abp, Q+
cdq

]
= N

−1/2
Φ

(
δadQ

+
cbp+qe

−i[p×q]z/2 − δbcQ
+
adp+qe

i[p×q]z/2
)
(23)

Qp = Qabp, [Qp, Qq] =
[
Q+

p , Q+
q

]
= 0 (24)

[
Qp, Q+

q

]
= N

−1/2
Φ

(
Ap−qe

i[p×q]/2 −Bp−qe
−i[p×q]/2

)
(25)

Çäåñü óäîáñòâà âû÷èñëåíèé âñëåä çà àâòîðàìè [9] ââåäåíû îïåðàòîðû

A+
q = N

−1/2
Φ Q+

aaq, B+
q = N

−1/2
Φ Q+

bbq (26)

Äëÿ íèõ ëåãêî ïîëó÷èòü ïðàâèëà äåéñòâèÿ íà îñíîâíîå ñîñòîÿíèå

A+
q |0〉 = δq,0|0〉, B+

q |0〉 = 0 (27)

à òàêæå êîììóòàöèîííûå ñîîòíîøåíèÿ

[Qq, Ap] = −N−1
Φ Qp+qe

i[q×p]z/2 (28)
[Qq, Bp] = N−1

Φ Qp+qe
−i[q×p]z/2 (29)

6 Äèñïåðñèÿ ñïèí-ýêñèòîíîâ â ÊÕÔ
Äëÿ èëëþñòðàöèè ýêñèòîííîãî ïðåäñòàâëåíèÿ â äåéñòâèè âû÷èñëèì çà-
êîí äèñïåðñèè ñïèíîâûõ ýêñèòîíîâ.

n = n′ = 0, ψ0 = π−1/4e−(x+py)2/2 (30)
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Φ00(q) = π−1/2

∫ +∞

−∞
e−(x+

qy
2

)2/2e−(x− qy
2

)2/2eiqxxdx =

= π−1/2e−q2
y/4

∫
e−x2

eiqxxdx = π−1/2e−q2
y/4

∫
e−(x−iqx/2)2e−q2

x/4dx = e−q2/4

(31)

ïðè ν = 1 â îáîçíà÷åíèÿõ A+
q = N

−1/2
Φ Q+

aaq, B+
q = N

−1/2
Φ Q+

bbq ãàìèëüòî-
íèàí ïðèîáðåòàåò âèä

HCoul =
NΦ

2

∫
dqΦ0,0(q)Φ0,0(−q)U(q)(Q+

aaqQaaq+2Q+
aaqQbbq+Q+

bbqQbbq) =

=
N2

Φ

2(2π)2

∫
dqe−q2/2U(q)(A+

q Aq + 2A+
q Bq + B+

q Bq) (32)

Èñïîëüçóÿ (23), âûïîëíèì âû÷èñëåíèÿ:

[HCoul, Q
+
p ]|0〉 =

N2
Φ

2

∫
dqe−q2/2U(q)[A+

q Aq + 2A+
q Bq + B+

q Bq, Q
+
p ] =

NΦ

2

∑
q

e−q2/2U(q)
(−Q+

p+qe
iΘAq − A+

q Q+
p−qe

−iΘ + 2A+
q Q+

p−qe
iΘ + B+

q Q+
p−qe

iΘ
) |0〉 =

∑
q

e−q2/2U(q)
(−Q+

p+qe
iΘAq + [−A+

q e−iΘ + 2A+
q eiΘ + B+

q eiΘ, Q+
p−q]+

Q+
p−q(−A+

q e−iΘ + 2A+
q eiΘ + B+

q eiΘ)
) |0〉 =

∑
q

e−q2/2U(q)

(
−Q+

p+qe
iΘAq +

1

NΦ

(−Q+
p eiΘ(−e−iΘ + 2eiΘ) + Q+

p e−iΘeiΘ
)
+

Q+
p−q(−A+

q (e−iΘ + 2eiΘ) + B+
q eiΘ)

) |0〉 =∑
q

e−q2/2U(q)
(−Q+

p+qe
iΘδ0,q + Q+

p (2− 2e2iΘ) + Q+
p δ0,q

) |0〉 =

V (0)(−1 + 1)Q+
p−q|0〉+

∑
q

(1− e2iΘ)Q+
p |0〉

Ó÷èòûâàåì 2Θ = [q,p] = qp sin α

∫
dqV (q)eiΘ =

∫ ∞

0

qdqV (q)

∫ π

−π

dαeiqp sin α =

∫ ∞

0

qdqV (q) 2πJ0(pq) (33)
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Â ýòîì ïðåîáðàçîâàíèè èñïîëüçîâàíî èíòåãðàëüíîå ïðåäñòàâëåíèå ôóíê-
öèè Áåññåëÿ

Jn(z) =
1

2π

∫ π

−π

eiz sin ξ−inξdξ (34)

Ýíåðãèÿ âîçáóæäåííûõ ñîñòîÿíèé èç ãàìèëüòîíèàíà (32):

E = 2πN2
Φ

∫ ∞

0

qV (q)(1− J0(pq))dq (35)

Ïîäñòàâëÿÿ V (q) = q2

κq
è âîñïîëüçîâàâøèñü

∫ ∞

0

e−a2t2Iν(bt)dt =
π1/2

2a
eb2/8a2

Iν/2

(
b2

8a2

)
,

(Re ν > −1, Re a2 > 0) (36)

ïîëó÷àåì
E(p) = gµBB +

e2

κλ

√
π

2

[
1− e−p2/4I0(p

2/4)
]

(37)

Çäåñü I0 - ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ.
Ýòîò ðåçóëüòàò âïåðâûå áûë ïîëó÷åí â ðàáîòå [10].
Ãðàôè÷åñêè çàêîí äèñïåðñèè ïðåäñòàâëåí íà Ðèñ.2.

7 Êóëîíîâñêàÿ ýíåðãèÿ
Ïðè íèçêèõ òåìïåðàòóðàõ, òàêèõ, ÷òî òåïëîâîé èìïóëüñ qT =

√
2MT ¿ λ−1,

ñïðàâåäëèâî ïðèáëèæåíèå ýôôåêòèâíîé ìàññû äëÿ ýêñèòîíîâ:

E(k) = ∆ +
k2

2m

Ðàññìîòðèì ïðîöåññ ïðåâðàùåíèÿ äâóõ ýêñèòîíîâ â îäèí â ðåçóëüòàòå
êóëîíîâñêîãî è ñïèí-îðáèòàëüíîãî âçàèìîäåéñòâèé. Ïðè ýòîì ñîõðàíÿ-
þòñÿ ýíåðãèÿ è èìïóëüñ:

E(k1) + E(k2) = E(k), k1 + k2 = k

Ýòî îïðåäåëÿåò âîçìîæíûå óãîëû ìåæäó èìïóëüñàìè íàëåòàþùèõ
ýêñèòîíîâ:

2∆ +
k2

1 + k2
2

2m
= ∆ +

k2

2m
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Ðèñ. 2: Äèñïåðñèÿ ñïèíîâûõ ýêñèòîíîâ (òî÷íàÿ è â ïðèáëèæåíèè ýôôåê-
òèâíîé ìàññû)
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∆ =
k1k2 cos θ

m

cos θ =
m∆

k1k2

< 1 ⇒ k1k2 > m∆

Äàííîìó çíà÷åíèþ êîñèíóñà ñîîòâåòñòâóþò äâà óãëà, äëÿ êîòîðûõ

sin θ = ±
√

1−
(

m∆

k1k2

)2

Äëÿ âû÷èñëåíèÿ ìàòðè÷íîãî ýëåìåíòà íàì ïîòðåáóþòñÿ ñëåäóþùèå
ñîîòíîøåíèÿ:

[Qp, A
+
q + B+

q ] = N−1Qp−q2i sin
p× q

2〈
QpQ

+
q

〉
= δp,q

〈
Qp1Qp2Q

+
q1

Q+
q2

〉
= δp1+p2,q1+q2

(
δp1,q1 + δp1,q2 −

2

N
cos

[(p1 − p2)× (q1 − q2)]z
4

)

H
(1)
e−e = N1/2

∑
q

(vq+ + iuq−)U(q)e−q2/2(A+
q + B+

q )Qq + H.c.

〈
Qq1+q2(A

+
q + B+

q )QqQ
+
q1

Q+
q2

〉
=〈{

(A+
q + B+

q )Qq1+q2 + N−12i sin
(q1 + q2)× q

2

}
QqQ

+
q1

Q+
q2

〉
=

δq,0

〈
Qq1+q2QqQ

+
q1

Q+
q2

〉
+

N−12i sin
(q1 + q2)× q

2

〈
Qq1+q2−qQqQ

+
q1

Q+
q2

〉
=

(
δq,0 + N−12i sin

(q1 + q2)× q

2

) 〈
Qq1+q2−qQqQ

+
q1

Q+
q2

〉
=

(
δq,0 + N−12i sin

(q1 + q2)× q

2

)(
δq,q1 + δq,q2 −

2

N
cos

[(q1 + q2 − 2q)× (q1 − q2)]z
4

)

(38)

[(q1 + q2 − 2q)× (q1 − q2)]z =

q2 × q1 − 2q × q1 − q1 × q2 + 2q1 × q2 = 2q × (q2 − q1)− 2q1q2 (39)
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Ïîñêîëüêó äëÿ òåïëîâûõ ýêñèòîíîâ q2/2m ∼ kT è â èíòåðåñóþùåé íàñ
îáëàñòè òåìïåðàòóð kT ¿ ~ωc, òî q ¿ l−1

B è â áåçðàçìåðíûõ åäèíèöàõ ñ
lB = 1 èìååì q1 ¿ 1. Ïîýòîìó ïðåíåáðåæåì â (39) ïîñëåäíèì ñëàãàåìûì
∼ q2

T .
Äàëåå âîñïîëüçóåìñÿ òðèãîíîìåòðè÷åñêèì òîæäåñòâîì

sin α cos β =
1

2
(sin(α + β) + sin(α− β))

è ïðåîáðàçóåì (38):

M2 = N1/2
∑

q

(vq++iuq−)e−q2/2 2i

N
sin

(q1 + q2)× q

2
(
−2

N
) cos

(q1 − q2)× q

2
=

− 4iN−3/2
∑

q

(vq+ + iuq−)
2πe2

κq
e−q2/2 1

2
(sin(q1 × q) + sin(q2 × q)) (40)

Ïåðåõîäèì îò ñóììèðîâàíèÿ ê èíòåãðèðîâàíèþ:
∑

q = N
2π

∫
qdqdϕ.

q± = ∓ i√
2
(qx ± iqy) = ∓ i√

2
q(cos ϕ± i sin ϕ) = ∓ i√

2
qeiϕ

Èíòåãðàë ïî óãëó â (40)
∫ π

−π

(vq++iuq−) sin(q1×q)dϕ =

∫ π

−π

(v
−i√

2
qeiϕ+iu

i√
2
qe−iϕ) sin(q1q sin(ϕ−ϕ1))dϕ

Âû÷èñëèì èíòåãðàë
∫ π

−π

e±iϕ sin(α sin(ϕ− ϕ1))dϕ =

∫ π

−π

e±i(ϕ+ϕ1) sin(α sin ϕ)dϕ =

e±iϕ1

∫ π

−π

(cos ϕ± i sin ϕ) sin(α sin ϕ)dϕ (41)

Ïåðâûé èíòåãðàë - îò íå÷åòíîé ôóíêöèè ïî ñèììåòðè÷íîìó ïðîìåæóòêó,
ïîýòîìó îí ðàâåí íóëþ. Âòîðîé - òàáëè÷íûé

∫ π

−π
sin ϕ sin(α sin ϕ)dϕ =

2πJ1(α). Èòàê,
∫

(vq+ + iuq−) sin(q1 × q)dϕ =
q√
2
2πJ1(q1q)(veiϕ1 + iue−iϕ1)

M2 = −4iN−3/2 N

2π

∫
qdq

2πe2

κq
e−q2/2 1

2

(
q√
2
2πJ1(q1q)(veiϕ1 + iue−iϕ1)+

q√
2
2πJ1(q2q)(veiϕ2 + iue−iϕ2)

)
(42)
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Èíòåãðèðîâàíèå ïî ìîäóëþ q äàåò
∫ +∞

0

qdq J1(q1q)e
−q2/2 =

1

2

√
π

2
q1 + o(q2

1)

Ýêñèòîíû òåðìàëèçóþòñÿ ñ ðåøåòêîé ãîðàçäî áûñòðåå, ÷åì äâà ýê-
ñèòîíà ïðåâðàùàþòñÿ â îäèí íåðàâíîâåñíûé, ïîýòîìó èõ ðàñïðåäåëå-
íèå ìîæíî ñ÷èòàòü ðàâíîâåñíûì ñ qT ∼ √

2MTlB ¿ 1, ñëåäîâàòåëüíî,
e−q2

1/2 = 1 + o(qT ).

M2 = −iπ3/2

N1/2

e2

κ

(
(veiϕ1 + iue−iϕ1)q1 + (veiϕ2 + iue−iϕ2)q2

)
(43)

Âîçâðàùàåìñÿ îò (q, ϕ) ê q±, ó÷èòûâàÿ e2/κ = 2
√

2/M
√

π

M2 = − 4πi

MN1/2
(ivq1+ + uq1− + ivq2+ + uq2−) (44)

Òåïåðü çàéìåìñÿ âû÷èñëåíèåì M1.

M1 = N−1/2 2πe2

κ
2i

∑
q

1

q
e−q2/2(vq+ + iuq−) sin

(q1 + q2)× q

2
(δq,q1 + δq,q2) =

N−1/2 2πe2

κ
i[q1 × q2]

(
vq+ + iuq−

q

∣∣∣∣
q2

q1

)
=

N−1/2 2πe2

κ
iq1q2 sin(ϕ2 − ϕ1)

1√
2
(−iveiϕ2 − ue−iϕ2 + iveiϕ1 + ue−iϕ1) (45)

Èçìåíåíèå êîëè÷åñòâà ýêñèòîíîâ â åäèíèöó âðåìåíè

dn

dt
=

2π

~

(
N

2π

)2 ∫
q1dq1dϕ1q2dq2dϕ2|M1+M2|2δ(∆−q1q2 cos(ϕ2 − ϕ1)

M
) =

2π

~

(
N

2π

)2 ∫
q1dq1dϕ1q2dq2dϕ2(M1+M2)(M1+M2)

∗ M

q1q2| sin θ|δ(ϕ2−ϕ1±arccos
∆M

q1q2

)

(46)

Çäåñü θ = | arccos ∆M
q1q2

|.
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Âû÷èñëèì
∫

dϕ1dϕ2M1M
∗
1

M1M
∗
1 ∼ sin2(ϕ2 − ϕ1)(veiϕ2 − iue−iϕ2 − veiϕ1 + iue−iϕ1)×

(ve−iϕ2 + iueiϕ2 − ve−iϕ1 − iueiϕ1) =

sin2(ϕ2 − ϕ1)

(
4(u2 + v2) sin2 ϕ2 − ϕ1

2
+

2uv(2 sin(ϕ1 + ϕ2)− sin ϕ1 − sin ϕ2)

)
(47)

∫
dϕ1| sin θ|−1 sin2 θ(4(u2 + v2) sin2 θ

2
+

2uv(2(sin(2ϕ1 + θ) + sin(2ϕ1 − θ)− 2 sin ϕ1 − sin(ϕ1 + θ)− sin(ϕ1 − θ))) =

| sin θ|8π(u2 + v2) sin2 θ

2
(48)

M2M
∗
2 ∼ (q1(veiϕ1 + iue−iϕ1) + q2(veiϕ2 + iue−iϕ2)) =

q2
1(v

2 + u2 + iuv(e−2iϕ1 − e2iϕ1))+

q2
2(v

2 + u2 + iuv(e−2iϕ1 − e2iϕ1))+

q1q2(v
2(ei(ϕ1+ϕ2) + e−i(ϕ1+ϕ2))+

u2(ei(ϕ1+ϕ2) + e−i(ϕ1+ϕ2))+

iuv(2e−i(ϕ1+ϕ2) − 2ei(ϕ1+ϕ2)))) =

q2
1(u

2 + v2 + 2uv sin 2ϕ1) + q2
2(u

2 + v2 + 2uv sin 2ϕ2)+

2q1q2((u
2 + v2) cos(ϕ1 − ϕ2) + 2uv sin(ϕ1 − ϕ2)) (49)

Èíòåãðèðîâàíèå ïî óãëàì äàåò

4π(u2 + v2)(q2
1 + q2

2 + 2q1q2 cos θ) = 4π(u2 + v2)(q2
1 + q2

2 + 2∆M)

Â èòîãå, âìåñòå ñ êîýôôèöèåíòîì
∫

dϕ1dϕ2|M2|2 =
4π

NMq1q2| sin θ|(u
2 + v2)(q2

1 + q2
2 + 2∆M)

q1q2| sin θ| = q1q2

√
1−

(
M∆

q1q2

)2

=
√

(q1q2)2 − (M∆)2
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Ïîñêîëüêó q1, q2 ∼ qT ¿ 1, M2M
∗
2 ∼ q2

T , M1M
∗
1 ∼ (q1q2)

2 ∼ q4
T , M1M

∗
2 +

M∗
1 M2 ∼ q1q2(q1 + q2) ∼ q3

T , òî â ãëàâíîì (âòîðîì) ïîðÿäêå ïî ìàëîìó qT

äîñòàòî÷íî ñîõðàíèòü M2M
∗
2 .

Îáîçíà÷èì ξ = q2
1/2MT, η = q2

2/2MT, β = ∆/T
Òîãäà q1dq1 = MTdξ

∫
dϕ1dϕ2|M2|2 =

4π

NMq1q2MT
√

4ξη − β2
(u2 + v2)2MT (ξ + η + β)

Èìåÿ ââèäó
µ =

∆N

NΦM
(eε/T − 1) (50)

Ξ =
µ

T

eξ+η

(eξ − 1)(eη − 1)(eξ+η − 1)
(51)

ïîëó÷èì

τ−1 =
4(u2 + v2)(eβ − 1)T

π~

∫
dξdη

(ξ + η + β)√
4ξη − β2(eξ+β − 1)(eη+β − 1)(1− e−ξ−η−2β)

Ýòà ôîðìóëà áûëà âïåðâûå ïîëó÷åíà â ðàáîòå [4].

8 Ïëàâíûé ñëó÷àéíûé ïîòåíöèàë
Êàê áûëî îòìå÷åíî âî ââåäåíèè, çàðÿæåííûé áåñïîðÿäîê ñîçäàåò â ãå-
òåðîñòðóêòóðå ïëàâíûé ñëó÷àéíûé ïîòåíöèàë, êîòîðûé ìû îáîçíà÷èì
ϕ(r). Ðàññìîòðèì âêëàä â ýíåðãèþ äâóìåðíûõ ýëåêòðîíîâ ïðè ïîÿâëå-
íèè òàêîãî ïîòåíöèàëà:

Hϕ =

∫
drΨ+(r)ϕ(r)Ψ(r)
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Ïîäñòàâëÿÿ Ψ èç (12) è ïðîâîäÿ âû÷èñëåíèÿ àíàëîãè÷íî òîìó, êàê ýòî
ñäåëàíî äëÿ HCoul â ïåðâîé ÷àñòè, ïîëó÷àåì

Hϕ =

∫
dxdye−ipyψn(x + p)(a+

p χ↓ + b+
p χ↑)×

[∫
dqϕ(q)eiqr

]
eip′yψn(x + p′)(ap′χ↓ + bp′χ↑) =

= L

∫
dqϕ̂(q)(a+

p ap−qy + b+
p bp−qy)

e−iqx(p−qy/2)

∫
dyeiqx(x+p−qy/2)ψ((x+p− qy/2)+ qy/2)ψ((x+p− qy/2)− qy/2)

= N
1/2
Φ

∑

n,n′

∫
dqϕ̂(q)Φn,n′(q)(Âq + B̂q) (52)

Â îáîçíà÷åíèÿõ v = αlb
~ωc

, u = βlb
~ωc

, ñîáñòâåííûå ôóíêöèè ïðèíèìàþò
âèä

Ψ̂ =
eipy

√
L

[
ânp

(
ψn

v
√

n + 1ψn+1 + iu
√

n− 1ψn−1

)

+b̂np

(−v
√

n− 1ψn−1 + iu
√

n + 1ψn+1

ψn

)]
(53)

Â ðåçóëüòàòå ïðÿìûõ âû÷èñëåíèé ïîëó÷àåì âûðàæåíèå äëÿ ãàìèëüòîíè-
àíà SRP â ýêñèòîííîì ïðåäñòàâëåíèè ñ çàäàííîé ñïèðàëüíîñòüþ:

H(1)
ϕ =

∫
drΨ+(r)ϕ(r)Ψ(r) =

∑
q

ϕ(q)a+
p+qy/2bp−qy/2e

−iqxp×

×(−v
√

nΦn,n′−1(q)+iu
√

n + 1Φn,n′+1+v
√

n + 1Φn+1,n′(q)−iu
√

nΦn−1,n′(q)) =

=
√

NΦ

∑
q

ϕ(q)Qbaq×

×(−v
√

n′Φn,n′−1(q)+iu
√

n′ + 1Φn,n′+1+v
√

n + 1Φn+1,n′(q)−iu
√

nΦn−1,n′(q))
(54)

Äëÿ n = n′ = 0

Φ10(q) = e−q2/4q−, Φ01(q) = −e−q2/4q+ (55)
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è ìû ïîëó÷àåì íåñîõðàíÿþùóþ ÷èñëî ýêñèòîíîâ ÷àñòü ãàìèëüòîíèàíà â
âèäå:

H(1)
ϕ =

√
NΦ

∑
q

ϕ(q)e−q2/4(iuq+ − vq−)Qq + H.c. (56)

Òàêèì îáðàçîì, íàì óäàëîñü âûðàçèòü H
(1)
ϕ ÷åðåç ôóðüå-êîìïîíåíòó ïëàâ-

íîãî ñëó÷àéíîãî ïîòåíöèàëà. Â ðåàëüíîé ñèñòåìå ïëàâíûé ñëó÷àéíûé ïî-
òåíöèàë ñîçäàþò èîíû, îòäàâøèå ýëåêòðîíû â äâóìåðíûé ýëåêòðîííûé
ãàç, è êîðåëëÿöèîííûé ðàäèóñ ïîòåíöèàëà îïðåäåëÿåòñÿ ðàññòîÿíèåì îò
ýëåêòðîííîãî ãàçà äî ýòèõ èîíîâ. Êàê ìû óâèäèì â äàëüíåéøåì, èñ-
êîìûé ýôôåêò îïðåäåëÿåòñÿ êâàäðàòîì Ôóðüå-êîìïîíåíòû ñëó÷àéíîãî
ïîòåíöèàëà. Ñåé÷àñ ìû ïîêàæåì, êàê ìîæíî âû÷èñëèòü êâàäðàò Ôóðüå
êîìïîíåíòû, çíàÿ êîððåëÿöèîííóþ ôóíêöèþ ïîòåíöèàëà. Ïî îïðåäåëå-
íèþ,

K(r) = 〈ϕ(R)ϕ(R + r)〉R =

L−2NΦ

2π

∑
R

(
2π

NΦ

∑
q

ϕ(q)eiqR

)(
2π

NΦ

∑

q′
ϕ(q′)eiq′(R+r)

)
=

N−2
Φ

∑

qq′
δq,−q′e

iq′rϕ(q)ϕ(q′) = N−2
Φ

∑

q′
eiq′r|ϕ(q′)|2 (57)

Ñ äðóãîé ñòîðîíû,
K(r) =

2π

NΦ

∑
q

K(q)eiqr (58)

Ñðàâíèâàÿ ïîñëåäíèå äâà âûðàæåíèÿ, ïîëó÷àåì

|ϕ(q)|2 =
K(q)

2πNΦ

(59)

Êîððåëÿöèîííàÿ ôóíêöèÿ ïëàâíîãî ñëó÷àéíîãî ïîòåíöèàëà èìååò âèä
K(r) = ∆e−r2/Λ2 . Òîãäà åå Ôóðüå-êîìïîíåíòà K(q) = π∆Λ2e−Λ2q2/4. Â
ðåàëüíûõ îáðàçöàõ Λ ∼ 300-500�A, ∆ ∼ 5-10 K.

9 Ñïèíîâàÿ ðåëàêñàöèÿ çà ñ÷åò ïëàâíîãî ñëó-
÷àéíîãî ïîòåíöèàëà

Â íàñòîÿùåå âðåìÿ â ñâÿçè ñ îáøèðíûìè èññëåäîâàíèÿìè â íàïðàâëå-
íèè ñîçäàíèÿ êâàíòîâûõ êîìïüþòåðîâ îãðîìíûé ïðàêòè÷åñêèé èíòåðåñ
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ïðåäñòàâëÿåò èçó÷åíèå ðåëàêñàöèè íåðàâíîâåñíîãî ñîñòîÿíèÿ äâóìåðíîé
ñèñòåìû ýëåêòðîíîâ.

Çíà÷èòåëüíîå ÷èñëî ðàáîò ïîñâÿùåíî èññëåäîâàíèþ âðåìåíè ñïèíî-
âîé ðåëàêñàöèè â êâàíòîâîõîëëîâñêîì ôåððîìàãíåòèêå. Âêëàä â íåãî äà-
þò ðàçëè÷íûå ìåõàíèçìû, â ÷àñòíîñòè, â ðàáîòàõ [5] è [12] íàéäåíî âðåìÿ
ðåëàêñàöèè îò êîìáèíàöèè ñïèí-îðáèòàëüíîãî è êóëîíîâñêîãî âçàèìî-
äåéñòâèÿ, à òàêæå ñïèí-îðáèòàëüíîãî è ýëåêòðîí-ôîíîííîãî âçàèìîäåé-
ñòâèé.

Ìû ðàññ÷èòàåì âêëàä, îáóñëîâëåííûé âëèÿíèåì ñïèí-îðáèòàëüíîãî
âçàèìîäåéñòâèÿ è ïëàâíîãî ñëó÷àéíîãî ïîòåíöèàëà (smooth random potential-
SRP).

Ãàìèëüòîíèàí âçàèìîäåéñòâèÿ ñ SRP äàåòñÿ ôîðìóëàìè (52), (56). Ñ
ïîìîùüþ ñîîòíîøåíèé (23) âû÷èñëÿåì:

M(q1,q2,q
′) =

〈
q′|H(1)

ϕ |q1,q2

〉
= λN

1/2
Φ

∑
q

ϕ(q)(iuq+ − vq−)×

×
{

δq,q1δq′,q2 + δq,q2δq′,q1 −
2

NΦ

cos

[
q′ × (q− q1) + q× q1

2

]
δq′+q,q1+q2

}

(60)

Çàêîí ñîõðàíåíèÿ ýíåðãèè äëÿ åäèíè÷íîãî àêòà ðåëàêñàöèè èìåò âèä:

q2
1 + q2

2

2M
+ 2∆ =

q′2

2M
+ ∆ (61)

Ïðè äîñòàòî÷íî íèçêèõ òåìïåðàòóðàõ q1λ ¿ 1, ÷òî ïîçâîëÿåò êîñèíóñ â
(60) ïîëîæèòü â 1. Äàëåå, ìû ìîæåì ñîãëàñíî çîëîòîìó ïðàâèëó Ôåðìè
âû÷èñëèòü òåìï ðåëàêñàöèè, èëè èçìåíåíèå ñïèíà â åäèíèöó âðåìåíè:

R =
1

2

∑

q1q2q′

2π

~
|M(q1,q2,q

′)|2δ(ε1 + ε2 − ε′)Ξ(n1, n2, n
′), (62)

ãäå ââåäåíû îáîçíà÷åíèå εq = q2

2M
+ ∆, ∆ = gµBB - çååìàíîâñêàÿ ùåëü,

Ξ = [n1n2(1 + n′)− (n1 + 1)(n2 + 1)n′] (63)

Èç (61) î÷åâèäíî, ÷òî q′ > q1, q2, è ïîýòîìó ïåðâûå äâà ÷ëåíà â ôè-
ãóðíûõ ñêîáêàõ â ôîðìóëå (60) âûïàäàþò ïðè èíòåãðèðîâàíèè â (62).

Â îòñóòñòâèå âçàèìîäåéñòâèÿ ñ ðåøåòêîé ýíåðãèÿ ýëåêòðîííîãî ãà-
çà çà êàæäûé àêò ðåëàêñàöèè óâåëè÷èâàëàñü áû ïðèìåðíî íà ∆. Íî çà
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ñ÷åò ýëåêòðîí-ôîíîííîãî âçàèìîäåéñòâèÿ ýêñèòîíû áûñòðî òåðìàëèçó-
þòñÿ, ïîýòîìó ïðîöåññ ðåëàêñàöèè ìîæíî ñ÷èòàòü èçîòåðìè÷åñêèì. Ó÷è-
òûâàÿ îãðîìíîå ìàêñèìàëüíîå ÷èñëî çàïîëíåíèÿ äëÿ ýêñèòîíîâ ∼ NΦ,
ìû ìîæåì ïðè íåáîëüøèõ èõ êîëè÷åñòâàõ, â çàêëþ÷èòåëüíîé (è íàèáî-
ëåå ïðîäîëæèòåëüíîé) ñòàäèè ðåëàêñàöèè ñ÷èòàòü èõ ñòàòèñòèêó Áîçå-
Ýéíøòåéíîâñêîé, è çàïèñàòü

n(q) =
1

exp(q2/2m + ∆− µ)− 1
, (64)

ãäå ÷åðåç µ îáîçíà÷åí õèìè÷åñêèé ïîòåíöèàë. Ýòà ôîðìóëà ïðåäñòàâëÿåò
ñîáîé ïî ñóòè ïåðâûé ÷ëåí ðàçëîæåíèÿ ïî ìàëîìó ïàðàìåòðó�ïëîòíîñòè
ýêñèòîííîé ñèñòåìû. Íàéäåì µ(N) ïðè ïîìîùè ñàìîñîãëàñîâàííîé ïðî-
öåäóðû

N =
∑

q

n(q) =
NΦ

2π

∫∫
qdθdq

exp(q2/2m + ∆− µ)− 1
= −NΦMT ln

(
1− e−(∆−µ)/T

)

(65)
Îòêëîíåíèå ÷èñëà ÷àñòèö îò ðàâíîâåñíîãî (N = −NΦMT ln

(
1− e−∆/T

)
)

äàåòñÿ âûðàæåíèåì

∆N = −NΦMT ln

(
1− µ

T

1

e∆/T − 1

)
(66)

Âèäèì, ÷òî ïðè ìàëîì îòêëîíåíèè îò ðàâíîâåñíîãî ÷èñëà âîçáóæäåíèé µ
ìàë; â ðàâíîâåñèè Ξ = 0, ïîýòîìó Ξ ìîæíî ðàçëîæèòü ïî µ, ïðè÷åì ÷ëåí
ïðè µ0 äîëæåí áûòü ðàâåí íóëþ. Äåéñòâèòåëüíî, ïîäñ÷åò ïîêàçûâàåò,
÷òî

µ =
∆N

NΦM
(e∆/T − 1) (67)

Ξ =
µ

T

eξ+η

(eξ − 1)(eη − 1)(eξ+η − 1)
(68)

Íàïîìíèì, ÷òî êîëè÷åñòâî àêòîâ ðåëàêñàöèè ðàâíî èçìåíåíèþ ñïèíà
ýëåêòðîííîé ñèñòåìû. Ðàñêëàäûâàÿ (63) ïðè ìàëûõ µ, ïîäñòàâëÿÿ â (62)
è ïîëüçóÿñü (60), ïðîèçâîäèì ïåðåõîä ê èíòåãðèðîâàíèþ

∑

q1,q2,q′
∼

(
NΦ

2π

)3 ∫∫∫
q1dq1dα1q2dq2dα2q

′dq′dα′ (69)

23



Çàìåòèì, ÷òî ïðè âáëèçè ðàâíîâåñèÿ ìû èìååì ýêñèòîíû ñ

q ≈ qT =
√

2MT ¿ 1,

ïîýòîìó ìîæåì âçÿòü â (56) qλ = 0. Óñðåäíÿåì ïî óãëàì êâàäðàò ìàò-
ðè÷íîãî ýëåìåíòà:

|M |2 = (u2 + v2)

(
q2
1 + q2

2

2M
+

∆

2

)
|ϕ(0)|2 (70)

Ââåäåì îáîçíà÷åíèÿ

β =
∆

T
, ξ =

q2
1

2MT
, η =

q2
2

2MT
(71)

Êàê îáû÷íî ïðè ìàëûõ q, ìû èñïîëüçóåì ïðèáëèæåíèå ýôôåêòèâíîé
ìàññû ñ

1

M
=

∫ ∞

0

q3

4π
V (q)e−q2l2b/2dq, (72)

Ïðîâîäÿ âû÷èñëåíèÿ, ïîëó÷àåì äëÿ òåìïà ðåëàêñàöèè âûðàæåíèå:

R =
2π

~
e−βM3T 2(u2 + v2)NΦ|ϕ(0)|2F (β) (73)

ãäå ââåäåíî îáîçíà÷åíèå

F (β) = (1− e−β)

∫ +∞

0

(ξ + η + β
2
)e−ξ−ηdξdη

(1− e−ξ−β)(1− e−η−β)(1− e−ξ−η−2β)
(74)

Ïî îïðåäåëåíèþ òåìïà ðåëàêñàöèè èìååì
d(N −N0)

dt
= −R = −N −N0

τ
, ∆N = N0e

−t/τ (75)

Âûðàæàÿ NΦ|ϕ(0)|2 ÷åðåç Ôóðüå-êîìïîíåíòó êîððåëÿöèîííîé ôóíêöèè
ïðè ïîìîùè ôîðìóëû (59), äëÿ îáðàòíîãî âðåìåíè ðåëàêñàöèè ïîëó÷èì

τ−1 =
2π

~
e−βM3T 2(u2 + v2)

K(q)

2π
F (β) (76)

9.1 Íèçêèå òåìïåðàòóðû (β À 1)
Ðàññìîòðèì ñëó÷àé T ¿ ∆, ÷òî ñîîòâåòñòâóåò β À 1. Àñèìïòîòèêà (80)
â ýòîì ñëó÷àå ëåãêî âû÷èñëÿåòñÿ, è èìååò âèä

F (β) ≈ β/2 + 2 (77)
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9.2 Âûñîêèå òåìïåðàòóðû (β ¿ 1)
Â ýòîì ñëó÷àå àñèìïòîòèêà òàêæå âû÷èñëÿåòñÿ:

F (β) ≈ β ln2 β (78)

Ýòà àñèìïòîòèêà äëÿ ôóíêöèè F (β) âåðíà â èíòåðâàëå ∆ ¿ T ¿ M−1.
Â ãåòåðîñòðóêòóðå GaAs/AlGaAs M−1 ∼ 30K.

10 Ñðàâíåíèå ñ âêëàäîì äðóãèõ ìåõàíèçìîâ
Íåñìîòðÿ íà çíà÷èòåëüíûé ïðàêòè÷åñêèé èíòåðåñ, ÷èñëî îïóáëèêîâàí-
íûõ ýêñïåðèìåíòàëüíûõ ðàáîò â äàííîé îáëàñòè íåâåëèêî, ÷òî âåðîÿòíî
âûçâàíî ñëîæíîé ýêñïåðèìåíòàëüíîé ñèòóàöèåé. Ìû âû÷èñëèì òåìï ðå-
ëàêñàöèè íà SRP â óñëîâèÿõ ýêñïåðèìåíòà [13] è ñðàâíèì åãî ñ âêëàäîì
â òåìï, äàâàåìûì äðóãèìè ìåõàíèçìàìè.

10.1 Ñïèíîâàÿ ðåëàêñàöèÿ, îáóñëîâëåííàÿ ñïèí-îðáèòàëüíûì
âçàèìîäåéñòâèåì è çàðÿæåííûìè ïðèìåñÿìè

τ−1
e−ϕ =

2π

~
e−βM3T 2(u2 + v2)

1

2
A2(Λ/λ)2F (β) (79)

F (β) = (1− e−β)

∫ +∞

0

(ξ + η + β
2
)e−ξ−ηdξdη

(1− e−ξ−β)(1− e−η−β)(1− e−ξ−η−2β)
(80)

Â äàëüíåéøåì ìû ïîäðàçóìåâàåì, ÷òî ìàãíèòíîå ïîëå B âûðàæåíî â
Òåñëà.

~ = 1.05 · 10−27erg · s = 7.838 · 10−12K · s (kB = 1.38 · 10−16erg/K)

u2 + v2 = 10−3/B

Àìïëèòóäà ñëó÷àéíîãî ïîòåíöèàëà A = 10K
êîððåëÿöèîííàÿ äëèíà ñëó÷àéíîãî ïîòåíöèàëà Λ = 500�A
ìàãíèòíàÿ äëèíà λ = 256�A/

√
B
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GaAs/AlGaAs g = −0.44

µB =
e~

2mec
= 9.27 · 10−17erg/T = 0.67K/T

gµBB = 0.30B[K]

Ýêñïåðèìåíòàëüíûé ðåçóëüòàò Gallais et al: BT = 3.7T
λ = 133.1�A ∆ω = 0.027meV, (1meV = 11.6K)

M =
(qλ)2

2∆ω
=

(0.195)2

2 · 0.027 · 11.6
= (16.5K)−1

M−1 = 16.5
√

B/3.7 = 8.6
√

B[K]

τ−1
e−ϕ = 2.5 · 108e−βB−3/2T 2F (β)

10.2 Ýëåêòðîí-ôîíîííîå + ñïèí-îðáèòàëüíîå âçàè-
ìîäåéñòâèå

τ−1
e−ph =

MT∆(u2 + v2)

~csp0(p0λ)2


γ1(∆/T )

τD

+ 10
MT

τP

[(
~cs

∆

)2
p0

λ

]2

γ2(∆/T )




τD = 0.8 · 10−12s−1

τP = 35 · 10−12s−1

γk(β) = (e2β − eβ)

∫ +∞

0

exxkdx

(eβ+x − 1)2

ñêîðîñòü çâóêà cs = 5.14 · 105cm/s
äåáàåâñêèé âîëíîâîé âåêòîð p0 = 2.52 · 106cm−1

u2 + v2 = 10−3/B
ìàãíèòíàÿ äëèíà λ =

√
~c/eB = 256�A/

√
B (B â Òåñëà)

Çååìàíîâñêàÿ ùåëü ∆ = |gµBB|
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10.3 Êóëîíîâñêîå + ñïèí-îðáèòàëüíîå âçàèìîäåéñòâèå

τ−1
e−e =

4

~
T (u2 + v2)(e∆/T − 1)Fe−e(∆/T )

Fe−e(β) =

∫∫

ξη>β2/4

(ξ + η + β)dξdη√
4ξη − β2(eξ+β − 1)(eη+β − 1)(1− e−ξ−η−2β)

τ−1
SRP = 4.3 · 105Te−1.5/T F (1.5/T )c−1 (81)

Â ñòàòüå [4] ïîñòðîåí ãðàôèê ôóíêöèè τCoal(T ) äëÿ îáðàòíîãî âðåìå-
íè ðåëàêñàöèè, îïðåäåëÿåìîãî êóëîíîâñêèì è ýëåêòðîí-ôîíîííûì ìåõà-
íèçìàìè ðåëàêñàöèè. Äëÿ ñðàâíåíèÿ ïðèâåäåì ãðàôèê 3 â òåõ æå îñÿõ ñ
âêëàäàìè âñåõ òðåõ ìåõàíèçìîâ ðåëàêñàöèè.

Èç ãðàôèêà 3 âèäíî, ÷òî ïðè òåìïåðàòóðàõ ∼ 1K èìåþòñÿ êðîññîâå-
ðû ñíà÷àëà ñ ýëåêòðîí-ôîíîííîãî íà srp, à ïîòîì ñ srp íà êóëîíîâñêèé
ìåõàíèçì, è â ýòîé îáëàñòè òåìïåðàòóð âðåìÿ ðåëàêñàöèè îïðåäåëÿåòñÿ
â îñíîâíîì ðàññìîòðåííûì ìåõàíèçìîì. Èç ãðàôèêà òàêæå âèäíî, ÷òî
ïðè óâåëè÷åíèè ïîëÿ òåìïåðàòóðà êðîññîâåðà óâåëè÷èâàåòñÿ.

Êà÷åñòâåííîå ïðåäñòàâëåíèå îá îáëàñòÿõ äîìèíèðîâàíèÿ òîãî èëè
èíîãî ìåõàíèçìà ðåëàêñàöèè äàþò òàêæå ãðàôèêè 4,5, ïîñòðîåííûå ñ
èñïîëüçîâàíèåì àñèìïòîòèê τ(B, T ) ïðè β À 1.
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τ

φ

Ðèñ. 3: òåîðåòè÷åñêàÿ îöåíêà òåìïà ðåëàêñàöèè
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Ðèñ. 4: Òåìï ðåëàêñàöèè: ñóììàðíûé è îòäåëüíî âêëàäû ðàçëè÷íûõ ìå-
õàíèçìîâ
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Ðèñ. 5: Äèàãðàììà äîìèíèðîâàíèÿ ìåõàíèçìîâ ðåëàêñàöèè

11 Çàêëþ÷åíèå
Â ðàáîòå ðàññìîòðåíû ìåõàíèçìû ñïèíîâîé ðåëàêñàöèè â äâóìåðíîì
ýëåêòðîííîì ãàçå â ðåæèìå êâàíòîâîãî ýôôåêòà Õîëëà ñ íå÷åòíûì çà-
ïîëíåíèåì. Ïîëó÷åíî âûðàæåíèå äëÿ ãàìèëüòîíèàíà 2DEG â ýëåêòðè-
÷åñêîì ïîëå â ýêñèòîííîì ïðåäñòàâëåíèè â ðàìêàõ ïðèáëèæåíèÿ ïðîåê-
öèè íà íèæíèé óðîâåíü Ëàíäàó. Âû÷èñëåíà àìïëèòóäà àêòà ðåëàêñàöèè
- ïåðåõîäà èç äâóõýêñèòîííîãî ñîñòîÿíèÿ â îäíîýêñèòîííîå â ðåçóëüòà-
òå ðàññåÿíèÿ íà ïîòåíöèàëå çàðÿæåííîãî áåñïîðÿäêà. Â ïåðâîì ïîðÿäêå
òåîðèè âîçìóùåíèé ïî êîíñòàíòàì ñïèí-îðáèòàëüíîãî âçàèìîäåéñòâèÿ è
ïî àìïëèòóäå ïîòåíöèàëà âû÷èñëåíî âðåìÿ ðåëàêñàöèè íåðàâíîâåñíîãî
ñîñòîÿíèÿ ñèñòåìû. Ñðàâíåíèå ñ òåìïàìè ðåëàêñàöèè, îáóñëîâëåííûìè
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ðàíåå èçó÷åííûìè ìåõàíèçìàìè ïîêàçàëî, ÷òî ðàññìîòðåííûé ìåõàíèçì
äàåò ãëàâíûé âêëàä â òåìï ðåëàêñàöèè â äîñòàòî÷íî øèðîêîé äëÿ ýêñ-
ïåðèìåíòàëüíîãî íàáëþäåíèÿ îáëàñòè òåìïåðàòóð è ìàãíèòíûõ ïîëåé.
Ïîëó÷åííûé ðåçóëüòàò ïîçâîëÿåò ñäåëàòü âûâîä, ÷òî äëÿ óìåíüøåíèÿ
âðåìåíè ðåëàêñàöèè, ñâÿçàííîé ñî ñëó÷àéíûì ïîòåíöèàëîì, ìîæíî, íà-
ïðèìåð, óìåíüøàòü ýêñèòîííóþ ìàññó (â ÷àñòíîñòè, äåëàÿ ïîòåíöèàëü-
íóþ ÿìó â íàïðàâëåíèè îñè z áîëåå óçêîé). Òåìï ðåëàêñàöèè ïðè ýòîì
áóäåò ïàäàòü ïðîïîðöèîíàëüíî M3. Îäíàêî íå ñëåäóåò çàáûâàòü, ÷òî ïðè
ñóæåíèè ÿìû íåáîëüøèå èçìåíåíèÿ åå øèðèíû áóäóò ñîçäàâàòü âñå áîëü-
øèé ýôôåêòèâíûé ïîòåíöèàë ðàçìåðíîãî êâàíòîâàíèÿ, êîòîðûé ìîæåò
çíà÷èòåëüíî èçìåíèòü ôèçè÷åñêóþ êàðòèíó. Ïîêà âåëè÷èíà îòêëîíåíèé
øèðèíû ÿìû ìíîãî ìåíüøå ñàìîé øèðèíû, ýôôåêòèâíûé ïîòåíöèàë áó-
äåò ìàë è åãî âêëàä â òåìï ðåëàêñàöèè ìîæíî îöåíèòü, èñïîëüçóÿ ïîëó-
÷åííûå ôîðìóëû.

Â çàêëþ÷åíèå îñòàåòñÿ äîáàâèòü, ÷òî ýêñïåðèìåíòàëüíûå ìåòîäû ïî-
ñòîÿííî ñîâåðøåíñòâóþòñÿ è ìîæíî íàäåÿòüñÿ, ÷òî ïîëó÷åííûå àíàëèòè-
÷åñêèå ðåçóëüòàòû â ñêîðîì âðåìåíè áóäóò ýêñïåðèìåíòàëüíî ïðîâåðåíû.
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