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Àííîòàöèÿ
Èññëåäîâàíèå ðåëàêñàöèè ñïèíà ÿâëÿåòñÿ ñïîñîáîì îïðåäåëåíèÿ ôóíäà-
ìåíòàëüíûõ ñâîéñòâ äâóìåðíîãî ýëåêòðîííîãî ãàçà. Ïîñêîëüêó ïåðåâî-
ðîò ñïèíà ýëåêòðîíà òðåáóåò ìàãíèòíîãî âçàèìîäåéñòâèÿ, ìîæíî âûäå-
ëèòü ÷åòûðå îñíîâíûõ ìåõàíèçìà ñïèíîâîé ðåëàêñàöèè - ðàññåÿíèå íà
ïàðàìàãíèòíîé ïðèìåñè, êîíòàêòíîå âçàèìîäåéñòâèå ñ ÿäðàìè ðåøåòêè,
îáìåííîå âçàèìîäåéñòâèå ñî ñïèíîì ôîòîâîçáóæäåííûõ äûðîê è ñïèí-
îðáèòàëüíîå âçàèìîäåéñòâèå è ñâÿçàííûå ñ íèì ïîïðàâêè ê ãàìèëüòîíè-
àíó.(íóæíî ëè ýòî ïèñàòü?)Èíòåðåñ ïðåäñòàâëÿåò èññëåäîâàíèå òîãî, êà-
êîé èç ýòèõ ïðîöåññîâ äàåò ãëàâíûé âêëàä â òåìï ðåëàêñàöèè. Ðîæäåíèå
íåíóëåâîãî ñïèíîâîãî ýêñèòîíà óìåíüøàåò íà 1 ïîëíûé ñïèí ñèñòåìû,
à ðîæäåíèå íóëåâîãî-òîëüêî ïðîåêöèþ ñïèíà. Ïîñêîëüêó ñïèí ñèñòåìû
ñâÿçàí ñ êîëè÷åñòâîì ýêñèòîíîâ â íåé, òî î÷åâèäíî, ÷òî óíè÷òîæåíèå
ýêñèòîíîâ ïðèâîäèò ê ðåëàêñàöèè ñïèíà. Â íàñòîÿùåé ðàáîòå ìû ðàñ-
ñìîòðèì âêëàä â òåìï ðåëàêñàöèè, äàâàåìûé ãëàäêèì ïîòåíöèàëîì ïîëî-
æèòåëüíûõ èîíîâ äîíîðîâ, îòäàâøèõ ñâîè ýëåêòðîíû â äâóìåðíûé ýëåê-
òðîííûé ãàç (2DEG). Â åäèíè÷íîì àêòå ðåëàêñàöèè ñîõðàíÿåòñÿ ýíåðãèÿ,
íî ãàìèëüòîíèàí SRP íå ñîõðàíÿåò èìïóëüñ, ïîýòîìó, íåñìîòðÿ íà ìà-
ëîñòü ñïèí-îðáèòàëüíîãî âçàèìîäåéñòâèÿ ïî ñðàâíåíèþ ñ êóëîíîâñêèì,
ôàçîâûé îáúåì âñòóïàþùèõ â àêò ðåëàêñàöèè ýêñèòîíîâ çíà÷èòåëüíî
áîëüøå, ÷òî ïîçâîëÿåò îæèäàòü ñðàâíèìûå âêëàäû îáîèõ ïðîöåññîâ â
òåìï ðåëàêñàöèè. Ïðèâåäåííûé â ðàáîòå ðàñ÷åò ïîëíîñòüþ îïðàâäûâàåò
íàøè îæèäàíèÿ. Çàêîí ñîõðàíåíèÿ ýíåðãèè íàêëàäûâàåò ñóùåñòâåííûå
îãðàíè÷åíèÿ íà âîçìîæíûé àêò ðåëàêñàöèè. Â ÷àñòíîñòè, îäèí ýêñèòîí,
êàê âîçáóæäåíèå ñ íåíóëåâîé ýíåðãèåé, óíè÷òîæèòüñÿ íå ìîæåò, òàê êàê
â ýòîì ñëó÷àå ýíåðãèÿ íå ñîõðàíÿëàñü áû. Ìû äèàãîíàëèçóåì ãàìèëüòî-
íèàí 2DEG ñî ñïèí-îðáèòàëüíûì âçàèìîäåéñòâèåì, â ïîëó÷àåìîì áàçèñå
SRP èìååò ìàòðè÷íûå ýëåìåíòû äëÿ ïåðåõîäà èç äâóõýêñèòîííîãî ñîñòî-
ÿíèÿ â îäíîýêñèòîííîå. Ýòî ïðèâîäèò ê äîïîëíèòåëüíîìó âêëàäó â òåìï
ðåëàêñàöèè, êîòîðûé ïðè íåêîòîðûõ (âåñüìà ðàñïðîñòðàíåííûõ) óñëî-
âèÿõ ÿâëÿåòñÿ ëèäèðóþùèì ñëàãàåìûì â òåìïå. Â ðàáîòå ïðîèçâåäåíî
âû÷èñëåíèå ýòîãî âêëàäà.
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1 Ââåäåíèå
Ðàññìîòðèì ýëåêòðîííûé ãàç â ãëóáîêîé îäíîìåðíîé ïîòåíöèàëüòîé ÿìå
øèðèíû d.

Ìû áóäåì ñ÷èòàòü ÿìó óçêîé, òàê ÷òî ýíåðãèÿ ïðîñòðàíñòâåííîãî
êâàíòîâàíèÿ π2~2

2md2 âåëèêà ïî ñðàâíåíèþ ñ äðóãèìè âêëàäàìè â ýíåðãèþ
ýëåêòðîíà, è ïîýòîìó çàñåëåí òîëüêî íèæíèé óðîâåíü ïðîñòðàíñòâåííîãî
êâàíòîâàíèÿ. Òàêóþ ÿìó óäàåòñÿ ñîçäàòü â ãåòåðîñòðóêòóðàõ GaAs/AlGaAs,
î êîòîðûõ è ïîéäåò ðå÷ü â íàñòîÿùåé ðàáîòå. Ïðèëîæèì ñèëüíîå ìàã-
íèòíîå ïîëå B ∼ 10 T ïåðïåíäèêóëÿðíî ïëîñêîñòè ýëåêòðîííîãî ãàçà.
Óðàâíåíèå Øðåäèíãåðà äëÿ ÷àñòèöû â ìàãíèòíîì ïîëå èìååò âèä

1

2m

(
p +

e

c
A

)2

ψ = Eψ (1)

Â êàëèáðîâêå Ëàíäàó A = xBŷ

1

2m

(
p̂x

2 + (p̂y +
e

c
Bx̂)2

)
ψ = Eψ (2)

Ïðèìåíÿÿ ýòî óðàâíåíèå ê ýëåêòðîíàì â ïîëóïðîâîäíèêîâîé ãåòåðîñòðóê-
òóðå, ìû äîëæíû ó÷èòûâàòü, ÷òî ýôôåêòèâíàÿ ìàññà ýëåêòðîíà òàì ñî-
ñòàâëÿåò m ≈ 0.07me. Ðàçëîæèì ψ(x, y) =

∑
p e

ipyyϕpy(x).
Òîãäà (2) ýêâèâàëåíòíî óðàâíåíèþ Øðåäèíãåðà

(
p̂x

2

2m
+
mω2

2

(
x̂+

cpy

eB

)2
)
ϕpy = Eϕpy , ω =

eB

mc
(3)

äëÿ îñöèëëÿòîðà ñî ñìåùåííûì ïîëîæåíèåì ðàâíîâåñèÿ.
Åãî ðåøåíèÿ

ϕpyn(x̃) = (2nn!
√
π)−1/2e−x̃2/2l2BHn(x̃/lB), lB =

√
c~
eB

, x̃ = x+ l2Bpy (4)

E = ~ωc

(
n+

1

2

)
− gµBσH (5)

Âûøå ââåäåíû îáîçíà÷åíèÿ ω äëÿ öèêëîòðîííîé ÷àñòîòû è lB äëÿ ìàã-
íèòíîé äëèíû.

Îêîí÷àòåëüíî,

Ψ(x, y) = L−1/2
∑
py ,n

cpyne
ipyy(2nn!

√
π)−1/2e−(x+py)2/2Hn(x+ py) (6)
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Îòìåòèì, ÷òî õàðàêòåðíûì ðàçìåðîì âîëíîâîãî ïàêåòà ÷àñòèöû â ìàã-
íèòíîì ïîëå ÿâëÿåòñÿ ìàãíèòíàÿ äëèíà. Åå è âûáåðåì â êà÷åñòâå åäèíè-
öû äëèíû. Äëÿ ýëåêòðîíà ñîñòîÿíèÿ

|n, p, ↑〉 = Ψn,p| ↑〉 è |n, p, ↓〉 = Ψn,p| ↓〉 (7)

îáðàçóþò ïîëíûé îðòîãîíàëüíûé áàçèñ è ðàçëîæåíèå âîëíîâîé ôóíêöèè
â ýòîì áàçèñå èìååò âèä

Ψ =
∑
n,p

an,p|n, p, ↓〉+ bn,p|n, p, ↑〉 (8)

2 Ýêñèòîííîå ïðåäñòàâëåíèå
2.1 Êóëîíîâñêàÿ ýíåðãèÿ
×òîáû ïðèáëèçèòüñÿ ê ðàññìîòðåíèþ ìíîãî÷àñòè÷íîé çàäà÷è, èçó÷èì
âêëàä êóëîíîâñêîé ýíåðãèè âçàèìîäåéñòâèÿ ýëåêòðîíîâ â ãàìèëüòîíèàí

Hcoul =
1

2

〈
Ψ(r1)Ψ(r2)

∣∣∣∣
e2

r12

∣∣∣∣ Ψ(r2)Ψ(r1)

〉
(9)

Ìû ïðåíåáðåãàåì êðàåâûìè ýôôåêòàìè, ïîýòîìó èíòåãðàëû ïî ïëàñòèí-
êå áåðóòñÿ â áåñêîíå÷íûõ ïðåäåëàõ.

Ïóñòü â è b̂ - ôåðìèåâñêèå ïîíèæàþùèå îïåðàòîðû äëÿ ñîñòîÿíèé | ↑〉
è | ↓〉 ñîîòâåòñòâåííî.

Âòîðè÷íî-êâàíòîâàííûé ãàìèëüòîíèàí ïîëó÷àåòñÿ èç (9) ïîäñòàíîâ-
êîé

Ψ̂ =
∑
n,p

ân,pΨn,p| ↓〉+ b̂n,pΨn,p| ↑〉 (10)

HCoul =
1

2L2

∑

121′2′

∫∫
dr1dr2{â+

1 â
+
2 â2′ â1′ + 2â+

1 b̂
+
2 b̂2′ â1′ + b̂+1 b̂

+
2 b̂2′ b̂1′}×

× e−ip1y1e−ip2y2eip′2y2eip′1y1ϕn1(x1 + p1)ϕn2(x2 + p2)ϕn′2(x2 + p′2)ϕn′1(x1 + p′1)×
×

∫
dq

(2π)2
U(q)eiq(r1−r2) (11)

Çäåñü ñîêðàùåíèå â1 îçíà÷àåò âp1n1 , à ñóììèðîâàíèå èäåò ïî p1p2p
′
1p
′
2 è

n1n2n
′
1n
′
2.
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Èíòåãðèðîâàíèå ïî y1, y2 äàåò:

HCoul =
1

2L2

∑

121′2′

∫∫
dx1dx2

∫
dq (â+

1 â
+
2 â2′ â1′+2â+

1 b̂
+
2 b̂2′ â1′+b̂

+
1 b̂

+
2 b̂2′ b̂1′)×

×ϕn1(x1+p1)ϕn2(x2+p2)ϕn′2(x2+p
′
2)ϕn′1(x1+p

′
1)U(q)eiqx(x1−x2)δ(p′1−p1+qy)δ(p

′
2−p2+qy)

Èíòåãðèðóÿ ïî p′1 è p′2 è èñïîëüçóÿ îáîçíà÷åíèå

Φmn(q) =

∫
ϕm(x+

qy
2

)ϕn(x− qy
2

)eiqxxdx (12)

ïðåîáðàçóåì (11) ê âèäó:

HCoul =
1

2(2π)2

∑

n1n2n′1n′2

∫
dq

{∑
p1

ĉ+p1+qy/2ĉp1−qy/2e
−iqxp1

}{∑
p2

d̂+
p2+qy/2d̂p2−qy/2e

iqxp2

}
∗

∗ Φ1,1′(q)Φ2,2′(−q)U(q)δσc,σc′δσd,σd′ (13)

Ïîñëåäíèé ñîìíîæèòåëü ó÷èòûâàåò, ÷òî êóëîíîâñêîå âçàèìîäåéñòâèå íå
çàâèñèò îò ñïèíà. Óäîáíî ââåñòè îáîçíà÷åíèÿ äëÿ îïåðàòîðîâ â ôèãóðíûõ
ñêîáêàõ:

Q+
cdq = N

−1/2
Φ

∑
p

d̂+
p+qy/2ĉp−qy/2e

−iqxp (14)

Ïåðåõîäÿ ê ýòèì îáîçíà÷åíèÿì, è ïîäñòàâèâ âî âòîðûå ôèãóðíûå ñêîáêè
Qba−p = Q+

abp, íàõîäèì

HCoul =
NΦ

2(2π)2

∑ ∫
dqQ+

cc′qQ
+
dd′−qΦ1,1′(q)Φ2,2(−q)U(q)δσc,σc′δσd,σd′ (15)

çäåñü ñóììà áåðåòñÿ ïî ïàðàì ÷àñòèö ñ îäèíàêîâûìè ñïèíàìè

2.2 Îïåðàòîðû ýêñèòîííîãî ïðåäñòàâëåíèÿ
Êàê áûëî ïîêàçàíî â ïðåäûäóùåì ðàçäåëå, âûðàæåíèå äëÿ êóëîíîâñêîãî
ãàìèëüòîíèàíà óïðîùàåòñÿ ïðè èñïîëüçîâàíèè îïåðàòîðîâ Qq. Ýòè îïå-
ðàòîðû áûëè âïåðâûå ââåäåíû â ðàáîòàõ Áû÷êîâà è Ðàøáà [1]. Äàëüíåé-
øåå ðàçâèòèå ýòà òåõíèêà ïîëó÷èëà â ðàáîòàõ [2], [3]. Êîììóòàöèîííûå
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ñîîòíîøåíèÿ äëÿ îïåðàòîðîâ (14) ïîëó÷àþòñÿ íåïîñðåäñòâåííî ñ ïîìî-
ùüþ ïðàâèë êîîìóòàöèè ôåðìèåâñêèõ îïåðàòîðîâ,

[
Q+

abp, Q
+
cdq

]
= N

−1/2
Φ

(
δadQ

+
cbp+qe

−i[p×q]z/2 − δbcQ
+
adp+qe

i[p×q]z/2
)
(16)

Qp = Qabp, [Qp, Qq] =
[
Q+

p , Q
+
q

]
= 0 (17)

[
Qp, Q

+
q

]
= N

−1/2
Φ

(
Ap−qe

i[p×q]/2 −Bp−qe
−i[p×q]/2

)
(18)
(19)

Çäåñü óäîáñòâà âû÷èñëåíèé âñëåä çà àâòîðàìè [?] ââåäåíû îïåðàòîðû
A+

q = N
−1/2
Φ Q+

aaq, B+
q = N

−1/2
Φ Q+

bbq (20)
Äëÿ íèõ ëåãêî ïîëó÷èòü ïðàâèëà äåéñòâèÿ íà îñíîâíîå ñîñòîÿíèå

A+
q |0〉 = δq,0|0〉, B+

q |0〉 = 0 (21)
à òàêæå êîììóòàöèîííûå ñîîòíîøåíèÿ

[Qq, Ap] = −N−1
Φ Qp+qe

i[q×p]z/2 (22)
[Qq, Bp] = N−1

Φ Qp+qe
−i[q×p]z/2 (23)

2.3 Ãëàäêèé ñëó÷àéíûé ïîòåíöèàë
Ðàññìîòðèì ïîâåäåíèå äâóìåðíûõ ýëåêòðîíîâ ïðè íàëè÷èè âíåøíåãî ïî-
ëÿ ϕ̂(r) Âêëàä â ýíåðãèþ îò ýòîãî ïîëÿ âûðàæàåòñÿ

Hϕ = 〈Ψ|ϕ̂(r)|Ψ〉
Ïîäñòàâëÿÿ Ψ èç (10) è ïðîâîäÿ âû÷èñëåíèÿ àíàëîãè÷íî òîìó, êàê ýòî
ñäåëàíî äëÿ HCoul â ïåðâîé ÷àñòè, ïîëó÷àåì

Hϕ =

∫
dxdye−ipyϕn(x+ p)(a+

p χ↓ + b+p χ↑)×
[∫

dq

(2π)2
ϕ(q)eiqr

]
eip′yϕn(x+ p′)(ap′χ↓ + bp′χ↑) =

= L

∫
dq

(2π)2
ϕ̂(q)(a+

p ap−qy + b+p bp−qy)

e−iqx(p−qy/2)

∫
dyeiqx(x+p−qy/2)ϕ((x+p− qy/2)+ qy/2)ϕ((x+p− qy/2)− qy/2)

= N
1/2
Φ (2π)−3/2

∑

n,n′

∫
dqϕ̂(q)Φn,n′(q)(Âq + B̂q) (24)
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3 Çàïîëíåíèå ν = 1: ýíåðãèÿ ñïèí-ýêñèòîíîâ
Âû÷èñëèì Φ ïðè ν = 1:

n = n′ = 0, ϕ0 = π−1/4e−(x+py)2/2 (25)

Φ00(q) = π−1/2

∫ +∞

−∞
e−(x+

qy
2

)2/2e−(x− qy
2

)2/2eiqxxdx =

= π−1/2e−q2
y/4

∫
e−x2

eiqxxdx = π−1/2e−q2
y/4

∫
e−(x−iqx/2)2e−q2

x/4dx = e−q2/4

(26)

ïðè ν = 1 â îáîçíà÷åíèÿõ A+
q = N

−1/2
Φ Q+

aaq, B+
q = N

−1/2
Φ Q+

bbq ãàìèëüòî-
íèàí ïðèîáðåòàåò âèä

HCoul =
NΦ

2(2π)2

∫
dqΦ0,0(q)Φ0,0(−q)U(q)(Q+

aaqQaaq+2Q+
aaqQbbq+Q

+
bbqQbbq) =

=
N2

Φ

2(2π)2

∫
dqe−q2/2U(q)(A+

qAq + 2A+
qBq +B+

qBq) (27)

Èñïîëüçóÿ (72), âûïîëíèì ïðÿìûå âû÷èñëåíèÿ...

[HCoul, Q
+
p ]|0〉 =

N2
Φ

2(2π)2

∫
dqe−q2/2U(q)[A+

qAq + 2A+
qBq +B+

qBq, Q
+
p ] =

NΦ

2(2π)2

∫
dqe−q2/2U(q)

(−Q+
p+qe

iΘAq − A+
q Q

+
p−qe

−iΘ + 2A+
q Q

+
p−qe

iΘ +B+
q Q

+
p−qe

iΘ
) |0〉 =

∫
dqe−q2/2U(q)

(−Q+
p+qe

iΘAq + [−A+
q e

−iΘ + 2A+
q e

iΘ +B+
q e

iΘ, Q+
p−q]+

Q+
p−q(−A+

q e
−iΘ + 2A+

q e
iΘ +B+

q e
iΘ)

) |0〉 =∫
dqe−q2/2U(q)

(
−Q+

p+qe
iΘAq +

1

NΦ

(−Q+
p e

iΘ(−e−iΘ + 2eiΘ) +Q+
p e

−iΘeiΘ
)
+

Q+
p−q(−A+

q (e−iΘ + 2eiΘ) +B+
q e

iΘ)
) |0〉 =∫

dqe−q2/2U(q)
(−Q+

p+qe
iΘδ0,q +Q+

p (2− 2e2iΘ) +Q+
p δ0,q

) |0〉 =

V (0)(−1 + 1)Q+
p−q|0〉+

∫
dq(1− e2iΘ)Q+

p |0〉
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Ó÷èòûâàåì 2Θ = [q,p] = qp sinα

∫
dqV (q)eiΘ =

∫ ∞

0

qdqV (q)

∫ π

−π

dαeiqp sin α =

∫ ∞

0

qdqV (q) 2πJ0(pq) (28)

Â ýòîì ïðåîáðàçîâàíèè èñïîëüçîâàíî èíòåãðàëüíîå ïðåäñòàâëåíèå ôóíê-
öèè Áåññåëÿ

Jn(z) =
1

2π

∫ π

−π

eiz sin ξ−inξdξ (29)

Ýíåðãèÿ âîçáóæäåííûõ ñîñòîÿíèé èç ãàìèëüòîíèàíà (27):

E = 2πN2
Φ

∫ ∞

0

qV (q)(1− J0(pq))dq (30)

Ïîäñòàâëÿÿ V (q) = q2

κq
è âîñïîëüçîâàâøèñü

∫ ∞

0

e−a2t2Iν(bt)dt =
π1/2

2a
eb2/8a2

Iν/2

(
b2

8a2

)
,

(Re ν > −1,Re a2 > 0) (31)

ïîëó÷àåì
E(p) = 23/2π5/2N2

Φ

e2

κ

(
1− e−p2/4I0

(
p2

4

))
(32)

Ýòîò ðåçóëüòàò âïåðâûå áûë ïîëó÷åí â ðàáîòå [4].

4 Ó÷åò ñïèí-îðáèòàëüíîãî âçàèìîäåéñòâèÿ
Äî ñèõ ïîð ìû íå ó÷èòûâàëè ñïèí ÷àñòèö. Îäíàêî, â ïðèñóòñòâèå ìàã-
íèòíîãî ïîëÿ íàëè÷èå ñïèíà ó ÷àñòèöû ïðèâîäèò ê ïîÿâëåíèþ âêëàäà
â ýíåðãèþ îò ñïèí-îðáèòàëüíîãî âçàèìîäåéñòâèÿ, êîòîðûé ìû ñåé÷àñ è
ðàññìîòðèì.

Êàê áûëî îòìå÷åíî â ÷àñòè 1, ýíåðãèÿ ýëåêòðîíîâ ñ ó÷åòîì ñïèíà
èìååò âèä (cp.(5))

E = ~ωc

(
n+

1

2

)
− gµBσ

s
,

µ

s
= −|e|~

mc
⇒ E = ~ωc

(
n+

1

2
+ σ

)
(33)
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Ñ ó÷åòîì ýôôåêòèâíîé ìàññû ýëåêòðîíà

ω =
eB

0.07mc

Â ïîëóïðîâîäíèêîâîé ãåòåðîñòðóêòóðå GaAs/AlGaAs ôàêòîð Ëàíäå
ðàâåí íå −2, g = −0.44, ïîýòîìó íåò âûðîæäåíèÿ, õàðàêòåðíîãî äëÿ
óåäèíåííîãî ýëåêòðîíà, è ñïåêòð èìååò âèä, ïðåäñòàâëåííûé íà Ðèñ. 1.

B

hwc

n+1

n

n−1

Ðèñ. 1: Ñõåìà ýíåðãåòè÷åñêèõ çîí

Ñïèí-îðáèòàëüíûé ãàìèëüòîíèàí

Hso = − lB√
2
(α[k × σ] + β(kyσy − kxσx))

÷åðåç k± èìååò âèä

Hso = α(k+σ+ + k−σ−) + iβ(k+σ− + k−σ+) (34)

ãäå
k± = ∓ i√

2
(kx ± iky), k = −i∇+

e

hc
A

Èñïîëüçóÿ ôîðìóëû

∂xHn(x) = 2nHn−1(x), Hn+1 = 2xHn(x)− 2nHn−1(x)
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ïîëó÷àåì
k+|np〉 =

√
n+ 1|n+ 1〉

k−|np〉 =
√
n|n− 1〉

Ìàòðè÷íûå ýëåìåíòû

〈np ↓ |Hso|mq ↑〉 = −lB〈np|(α
√
m+ 1|m+ 1, q〉 − iβ

√
m|m− 1, q〉) (35)

〈np ↑ |Hso|mq ↓〉 = −lB〈np|(α
√
m|m− 1, q〉+ iβ

√
m+ 1|m+ 1, q〉) (36)

Ïî òåîðèè âîçìóùåíèé äëÿ ïîïðàâêè ïåðâîãî ïîðÿäêà ê ñîáñòâåííûì
ôóíêöèÿì èìååì

|np ↑〉(1) =
lB
~ωc

(
α
√
n+ 1|n+ 1, p ↓〉+ iβ

√
n|n− 1, p ↓〉

)
(37)

|np ↓〉(1) =
lB
~ωc

(
−α√n|n− 1, p ↑〉+ iβ

√
n+ 1|n+ 1, p ↑〉

)
(38)

Èíäåêñ n â âîëíîâûõ ôóíêöèÿõ |npσ〉 = |npσ〉(0) + |npσ〉(1) íàçûâàåòñÿ
ñïèðàëüíîñòüþ.

4.1 Êóëîíîâñêàÿ ýíåðãèÿ
Íàøåé ñëåäóþùåé çàäà÷åé ÿâëÿåòñÿ âû÷èñëåíèå êóëîíîâñêîé ýíåðãèè
ñîñòîÿíèé ñ çàäàííîé ñïèðàëüíîñòüþ.

Ïî àíàëîãèè ñ âû÷èñëåíèåì â ïåðâîé ÷àñòè, ñîõðàíÿÿ òîëüêî ÷ëåíû
ïåðâîãî ïîðÿäêà ïî ìàëûì α, β ¿ ~ωc, âû÷èñëÿåì

HCoul =
1

2

〈
Ψ(r1)Ψ(r2)

∣∣∣∣
e2

r12

∣∣∣∣ Ψ(r2)Ψ(r1)

〉
(39)

Óêàçàííîå âû÷èñëåíèå ïðîäåëàíî â [5], è ïðèâîäèò ê ðåçóëüòàòó

H
(1)
Coul =

√
NΦ

∑
q

(iuq+ − vq−)U(q)(A+
q +B+

q )Qq +H.C. (40)

4.2 Ãëàäêèé ñëó÷àéíûé ïîòåíöèàë
Â îáîçíà÷åíèÿõ v = αlb

~ωc
, u = βlb

~ωc
, ñîáñòâåííûå ôóíêöèè ïðèíèìàþò âèä

Ψ̂ =
eipy

√
L

[
ânp

(
ϕn

vξn+1 + iuξn−1

)
+ b̂np

(−vξn−1 + iuξn+1

ϕn

)]
(41)
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H(1)
ϕ =

∫
dr

∑

p,p′,q

L−1a+
p bp′ϕ(q)eiqrei(p′−p)y

(
ϕn

vξn+1 + iuξn−1

)+(−vξn−1 + iuξn+1

ϕn

)
=

=
∑
q

ϕ(q)a+
p+qy/2bp−qy/2e

−iqxp×

×(−v√nΦn,n′−1(q)+iu
√
n+ 1Φn,n′+1+v

√
n+ 1Φn+1,n′(q)−iu√nΦn−1,n′(q)) =

=
√
NΦ

∑
q

ϕ(q)Qbaq×

×(−v
√
n′Φn,n′−1(q)+iu

√
n′ + 1Φn,n′+1+v

√
n+ 1Φn+1,n′(q)−iu√nΦn−1,n′(q))

(42)

Äëÿ n = n′ = 0

Φ10(q) = e−q2/4q−, Φ01(q) = −e−q2/4q+ (43)

è ìû ïîëó÷àåì ñïèí-îðáèòàëüíóþ ïîïðàâêó ê ãàìèëüòîíèàíó SRP:

H(1)
ϕ =

√
NΦ

∑
q

(iuq+ − vq−)Qq + h.c. (44)

5 Ñïèíîâàÿ ðåëàêñàöèÿ çà ñ÷åò ãëàäêîãî ñëó-
÷àéíîãî ïîòåíöèàëà

Èíòåðåñ ïðåäñòàâëÿåò âû÷èñëåíèå õàðàêòåðíîãî âðåìåíè, çà êîòîðîå ïðè-
õîäèò ê ðàâíîâåñíîìó çíà÷åíèþ ñïèí äâóìåðíîé ñèñòåìû ýëåêòðîíîâ.
Òàêîå âðåìÿ íàçûâàåòñÿ âðåìåíåì ñïèíîâîé ðåëàêñàöèè. Âêëàä â íåãî
äàþò ðàçëè÷íûå ìåõàíèçìû, â ÷àñòíîñòè, â ðàáîòàõ [6] è [5] íàéäåí âêëàä
â îáðàòíîå âðåìÿ ðåëàêñàöèè îò êóëîíîâñêîãî âçàèìîäåéñòâèÿ. Ìû ðàñ-
ñ÷èòàåì âêëàä, îáóñëîâëåííûé íàëè÷èåì ãëàäêîãî ñëó÷àéíîãî ïîòåíöè-
àëà(SRP, Smooth Random Potential). Â ðåàëüíîé ñèñòåìå òàêîé ïîòåíöè-
àë ñîçäàþò èîíû, îòäàâøèå ýëåêòðîíû â äâóìåðíûé ýëåêòðîííûé ãàç, è
êîðåëëÿöèîííûé ðàäèóñ ïîòåíöèàëà îïðåäåëÿåòñÿ ðàññòîÿíèåì îò ýëåê-
òðîííîãî ãàçà äî ýòèõ èîíîâ. Ãàìèëüòîíèàí âçàèìîäåéñòâèÿ ñ SRP äàåòñÿ
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ôîðìóëàìè (24), (44). Ñ ïîìîùüþ ñîîòíîøåíèé (72) âû÷èñëÿåì:

M(q1,q2,q
′) =

〈
q′|H(1)

ϕ |q1,q2

〉
= lBN

1/2
Φ

∑
q

ϕ(q)(iuq+ − vq−)×

×
{
δq,q1δq′,q2 + δq,q2δq′,q1 −

2

NΦ

cos

[
q′ × (q− q1) + q× q1

2

]
δq′+q,q1+q2

}

(45)

Âåðîÿòíîñòü åäèíè÷íîãî àêòà ðåëàêñàöèè âû÷èñëÿåì ñîãëàñíî çîëîòîìó
ïðàâèëó Ôåðìè:

w =
2π

~

∫
|M(q1,q2,q

′)|2δ(ε1 + ε2 − ε′)dν ′ (46)

Çäåñü ââåäåíî îáîçíà÷åíèå εq = q2

2M
+ ε, ε = gµB - çååìàíîâñêàÿ ùåëü.

Çàêîí ñîõðàíåíèÿ ýíåðãèè äëÿ åäèíè÷íîãî àêòà ðåëàêñàöèè èìåò âèä:
q2
1 + q2

2

2M
+ 2ε =

q′2

2M
+ ε (47)

Îòñþäà î÷åâèäíî, ÷òî q′ > q1, q2, è ïîýòîìó ïåðâûå äâà ÷ëåíà â ôèãóð-
íûõ ñêîáêàõ â ôîðìóëå (45) âûïàäàþò ïðè èíòåãðèðîâàíèè â (46). Êðîìå
òîãî, ïðè äîñòàòî÷íî íèçêèõ òåìïåðàòóðàõ q1lB ¿ 1, ÷òî ïîçâîëÿåò êî-
ñèíóñ â (45) ïîëîæèòü â 1. Äàëåå, çíàÿ âåðîÿòíîñòü àêòà ðåëàêñàöèè, ìû
ìîæåì âû÷èñëèòü òåìï ðåëàêñàöèè, èëè êîëè÷åñòâî àêòîâ â åäèíèöó
âðåìåíè.

R =
1

2

∑
q1q2

w(q1,q2)Ξ(n1, n2, n
′), (48)

ãäå
Ξ = [n1n2(1 + n′)− (n1 + 1)(n2 + 1)n′] (49)

Â îòñóòñòâèå âçàèìîäåéñòâèÿ ñ ðåøåòêîé ýíåðãèÿ ýëåêòðîííîãî ãàçà çà
êàæäûé àêò ðåëàêñàöèè óâåëè÷èâàëàñü áû ïðèìåðíî íà ε. Íî çà ñ÷åò
ýëåêòðîí-ôîíîííîãî âçàèìîäåéñòâèÿ ýêñèòîíû áûñòðî òåðìàëèçóþòñÿ,
ïîýòîìó ïðîöåññ ðåëàêñàöèè ìîæíî ñ÷èòàòü èçîòåðìè÷åñêèì. Ó÷èòûâàÿ
îãðîìíîå ìàêñèìàëüíîå ÷èñëî çàïîëíåíèÿ äëÿ ýêñèòîíîâ ∼ NΦ, ìû ìî-
æåì ïðè íåáîëüøèõ èõ êîëè÷åñòâàõ, â çàêëþ÷èòåëüíîé (è íàèáîëåå ïðî-
äîëæèòåëüíîé) ñòàäèè ðåëàêñàöèè ñ÷èòàòü èõ ñòàòèñòèêó Áîçå-Ýéíøòåéíîâñêîé,
è çàïèñàòü

n(q) =
1

exp(q2/2m+ ε− µ)− 1
, (50)
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ãäå ÷åðåç µ îáîçíà÷åí õèìè÷åñêèé ïîòåíöèàë. Íàéäåì åãî ïðè ïîìîùè
ñàìîñîãëàñîâàííîé ïðîöåäóðû

N =
∑

q

n(q) =
NΦ

2π

∫ ∫
qdθdq

exp(q2/2m+ ε− µ)− 1
= −NΦMT ln

(
1− e−

ε−µ
T

)

(51)
Îòêëîíåíèå ÷èñëà ÷àñòèö îò ðàâíîâåñíîãî äàåòñÿ âûðàæåíèåì

∆N = −NΦMT ln(1− µ

T

1

eε/T − 1
) =

NΦMµ

eε/T − 1
(52)

Îòñþäà
µ =

∆N

NΦM
(eε/T − 1) (53)

Âèäèì, ÷òî ïðè ìàëîì îòêëîíåíèè îò ðàâíîâåñíîãî ÷èñëà âîçáóæäåíèé µ
ìàë; â ðàâíîâåñèè Ξ = 0, ïîýòîìó Ξ ìîæíî ðàçëîæèòü ïî µ, ïðè÷åì ÷ëåí
ïðè µ0 äîëæåí áûòü ðàâåí íóëþ. Äåéñòâèòåëüíî, ïîäñ÷åò ïîêàçûâàåò,
÷òî

Ξ =
µ

T

eξ+η

(eξ − 1)(eη − 1)(eξ+η − 1)
(54)

Íàïîìíèì, ÷òî êîëè÷åñòâî àêòîâ ðåëàêñàöèè ðàâíî èçìåíåíèþ ñïèíà
ýëåêòðîííîé ñèñòåìû. Ïîäñòàâëÿÿ (46) â (48) è ïîëüçóÿñü (45), ïðîèçâîäÿ
ïåðåõîä ê èíòåãðèðîâàíèþ

∑
q1,q2,q′ ∼

(
NΦ

2π

)3 ∫∫∫
q1dq1dα1q2dq2dα2q

′dq′dα′,
óñðåäíÿåì ïî óãëàì êâàäðàò ìàòðè÷íîãî ýëåìåíòà:

|M |2 = (u2 + v2)

(
q2
1 + q2

2

2M
+
ε

2

)
|ϕ(0)|2 (55)

Ââåäåì îáîçíà÷åíèÿ

β =
ε

T
, T ξ =

q2
1

2M
+ ε, Tη =

q2
2

2M
+ ε (56)

Êàê îáû÷íî ïðè ìàëûõ q, ìû èñïîëüçóåì êâàäðàòè÷íîå ïðèáëèæåíèå ñ
ýôôåêòèâíîé ìàññîé

1

M
= l2B

∫ ∞

0

q3

4π
V (q)e−q2l2b/2dq, (57)

Ïðîâîäÿ âû÷èñëåíèÿ, ïîëó÷àåì äëÿ òåìïà ðåëàêñàöèè âûðàæåíèå:

R = ∆Ne−β(1− e−β)M3T 2(u2 + v2)NΦ|ϕ(0)|2 2π

~
F (β) (58)
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ãäå ââåäåíî îáîçíà÷åíèå

F (β) =

∫ +∞

0

(ξ + η + β
2
)eξ+η+4β

(eξ+β − 1)(eη+β − 1)(eξ+η+2β − 1)
(59)

Ïî îïðåäåëåíèþ òåìïà ðåëàêñàöèè èìååì
d(N −N0)

dt
= −R = −N −N0

τ
, ∆N = N0e

−t/τ (60)

Çäåñü τ - èñêîìîå âðåìÿ ðåëàêñàöèè.

τ−1 = e−β(1− e−β)M3T 2(u2 + v2)NΦ|ϕ(0)|2 2π

~
F (β) (61)

5.1 Íèçêèå òåìïåðàòóðû
Ðàññìîòðèì ñëó÷àé T ¿ ε, ÷òî ñîîòâåòñòâóåò β →∞. Àñèìïòîòèêà (59)
â ýòîì ñëó÷àå ëåãêî âû÷èñëÿåòñÿ, è èìååò âèä

F (β) ≈ (2 + β/2) (62)

5.2 Âûñîêèå òåìïåðàòóðû
Çäåñü àñèìïòîòèêà òàêæå âû÷èñëÿåòñÿ:

F (β) ∼ ln2 β (63)

Ýòà àñèìïòîòèêà äëÿ ôóíêöèè F (β) âåðíà â èíòåðâàëå ε¿ T ¿M−1.
Íàïîìíèì, ÷òî â ãåòåðîñòðóêòóðå GaAs/AlGaAs M−1 ∼ 150K.

6 Ñðàâíåíèå ñ ýêñïåðèìåíòàëüíûìè ðåçóëü-
òàòàìè

Íåñìîòðÿ íà çíà÷èòåëüíûé èíòåðåñ ÷èñëî îïóáëèêîâàííûõ ðàáîò â äàí-
íîé îáëàñòè íåâåëèêî, ÷òî âåðîÿòíî âûçâàíî ñëîæíîé ýêñïåðèìåíòàëüíîé
ñèòóàöèåé. Ìû âû÷èñëèì òåìï ðåëàêñàöèè íà SRP â óñëîâèÿõ ýêñïåðè-
ìåíòà [7] è ñðàâíèì åãî ñ âêëàäîì â òåìï, äàâàåìûì äðóãèìè ìåõàíèçìà-
ìè. Â ñîîòâåòñòâèè ñ ýêñïåðèìåíòàëüíîé ðàáîòîé [7], ïîëîæèì B = 4.9
T, è ó÷èòûâàÿ îöåíêó, ñäåëàííóþ â ðàáîòå [8], u2 +v2 = 2 ·10−4, ïîëó÷àåì

τ−1 = 1.1 · 105T 2F (3/T )c−1 (64)
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Çäåñü ìû ñ÷èòàëè õàðàêòåðíóþ àìïëèòóäó SRP ðàâíîé 5K, à ðàññòîÿíèå
äî ñïåéñåðà ∼ 500�A. Ãðàôèê ýòîé ôóíêöèè ïðåäñòàâëåí íà ðèñóíêå 2
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Ðèñ. 2: τSRP (T ), ïî îñè X-Êåëüâèí, ïî îñè Y-107ñåêóíäà−1

Â ñòàòüå [8] ïîñòðîåí ãðàôèê ôóíêöèè τT äëÿ îáðàòíîãî âðåìåíè
ðåëàêñàöèè, îïðåäåëÿåìîãî êóëîíîâñêèì âçàèìîäåéñòâèåì. Äëÿ ñðàâíå-
íèÿ ïðèâîäèì çàâèñèìîñòü τSRPT â òîì æå ìàñøòàáå, ÷òî è â óêàçàííîé
ðàáîòå.
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Ðèñ. 3: ln τSRP (T ) ïðè B = 5 T

Èç ñðàâíåíèÿ âèæíî, ÷òî ïðè òåìïåðàòóðàõ ∼ 5K èìååòñÿ êðîññîâåð,
è ïðè áîëåå âûñîêèõ òåìïåðàòóðàõ âðåìÿ ðåëàêñàöèè îïðåäåëÿåòñÿ â
îñíîâíîì ñëó÷àéíûì ïîòåíöèàëîì.
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Îñíîâíûå ôîðìóëû

k =
2π

L
,
4π

L
, . . . ,

L

l2B
-ïðîåêöèÿ âîëíîâîãî âåêòîðà íà îñü y (65)

n =
L2

2πl2B
- ÷èñëî ýëåêòðîíîâ íà îäíîì ñïèíîâîì ïîäóðîâíå Ëàíäàó(66)

ν = N/n = 2πl2BN/L
2 - ÷èñëî çàïîëíåííûõ ïîäóðîâíåé (67)

rB = ~2κ/mce
2 - ýôôåêòèâíûé áîðîâñêèé ðàäèóñ (68)

U =
e2

κlB
< ~ωc <

~2

mcd2
(69)

Φ = NΦ0, Φ0 =
~c
e

- ìàãíèòíûé ïîòîê (70)

Q+
abq = N

−1/2
Φ

∑
p

e−iqxpb+p+qy/2ap−qy/2 (71)

[
Q+

abp, Q
+
cdq

]
= N

−1/2
Φ

(
δadQ

+
cbp+qe

−i[p×q]z/2 − δbcQ
+
adp+qe

i[p×q]z/2
)

(72)
Qp = Qabp, [Qp, Qq] =

[
Q+

p , Q
+
q

]
= 0 (73)

[
Qp, Q

+
q

]
= N

−1/2
Φ

(
Ap−qe

i[p×q]/2 −Bp−qe
−i[p×q]/2

)
(74)[

H,Q+
p

] |0〉 = E(p)Q+
p |0〉 (75)

Ha =
∑

q

V (q)(NΦA
+
q Aq − A0) (76)

Hab =
∑

q

V (q)(NΦA
+
q Bq +Q+

q Qq −B0) (77)
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