Dynamics of nearly spherical vesicles in an external flow
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Tank-treading, tumbling and trembling are different tyjpéshe vesicle behavior in an external flow. We
derive a dynamical equation enabling us to establish a sfatearly spherical vesicles. For2al external
flow, the character of the vesicle dynamics is determinedalmydimensionless parameters, depending on the
vesicle excess area, fluid viscosities, membrane viscasiypbending modulus, strength of the flow, and ratio
of the elongational and rotational components of the flone Tank-treading to tumbling transition occurs via
a saddle-node bifurcation whereas the tank-treading totliag transition occurs via a Hopf bifurcation. A
slowdown of vesicle dynamics should be observed in a vigiofita point separating the transitions lines.

PACS numbers: 87.16.Dg, 47.15.G-, 47.20.Ky, 83.50.-v

Vesicles are closed membranes which separate two regiol Tank-Treading:A=0.5, S=10 Trembling:A=1.43, S=10
occupied by possibly different fluids. Vesicles are atirart /

/

significant attention, not only due to their resemblancede b Y N
/
/
/

logical objects, but also because of their importance ifedif ) , \ -
ent industries such as pharmaceutics where they are used 1 ; ‘ A
drug transportation. A natural problem which arises in ¢hes )/ _ / \
applications is to understand how a single vesicle behaves i 3 ~
an external flow. This non-equilibrium problem has revealec /
a variety of new physical effects and became a subject of in
tense experimental and theoretical studies. Laboratqrgrex
iments [1] have shown that vesicles immersed in a shear floy
exhibit at least two qualitatively different types of befay
either tank-treading or tumbling motion. In the tank-triead
regime a vesicle shape is stationary whereas in the tumblin
regime the vesicle experiences periodic flipping in the shea
plane. A novel type of behavior: trembling, discovered expe
imentally in the work [2], is an intermediate regime between
tank-treading and tumbling in which a vesicle trembles atbu FIG. 1: Vesicle projections to the shear plane in the tapkdmng,

the flow direction. Theoretically, a possibility of such g~ trembling and tumbling regimes.

was first discussed by Misbah [3] (vacillating breathing m)od

and then by Noguchi and Gompper [4] (swinging mode). We

illustrate those regimes in Fig. 1. monics expansion. A perturbation scheme around the Lamb

Constructing a phase diagram for all these regimes depeng®!ution for spherical body in an external flow allows one to
ing on the external parameters is a challenging and an ederive the dynamic equations for the shape and the orienta-

tremely difficult task because the problem in consideratiorfiOn Of a vesicle and to investigate them analytically. Iisth

is both strongly non-linear and non-equilibrium. As long as'ettér we propose a natural extension of the theory develope
no analytic solution of this problem exists, theoreticaidst ~ Or quasi-spherical vesicles by accounting higher-ordpae-
ies were based either on numerical simulations or on som@ion terms. We show that these additions produce a quaditati
approximations allowing analytical treatment. Numerigal ~ change in the phase diagram and make it significantly more
vestigations of this problem involved several differentso ~ COMPplicated. The resulting diagram, which is the main resul
putational schemes, including boundary element methqd [5PT this paper, contains all three types of vesicle behaviociv
mesoscopic particle-based approximation [6-10], and an adVe'e ot_)served experlmentally. In our work, we analyze how
vected field approach [11]. These approaches have showhe vesicle dynamics depends on different control pararsiete

qualitative agreement with experiment. Analytical stedié ~ SUCh as viscosity contrast, vesicle excess area, intereml-m
the problem can be divided in two major classes. In the firsPrane viscosity, strength of the flow, and ratio of the elenga

one [4, 7, 12], phenomenological models of vesicle dynamzional a_nd rotf_;\tiona_l co_mponents of the_ flow. We analyze also
ics based on the classical work of Keller and Skallak [13]the vesicle orientation in the tank treading regime.

were proposed and proved themselves to be rather efficient Speaking about membranes we have in mind lipid bilayers.
in explaining particular experiments. In the second sasfes Their physical properties have been extensively studieth b
works [3, 14-16] the studies focused on quasi-spherical vesexperimentally and theoretically (see e.g. the book [1\R¢.

cles whose shape can be parameterized by a spherical hassume that the vesicle size is much larger than the membrane

Tumbling:A=6, S=10




thickness so it can be treated a8dobject immersed into a We assume that both the interior fluid and the exterior one
3d fluid. There are several features of the membranes whichre Newtonian and that the Reynolds number is vanishingly
are important for our analysis. First, we assume that the-mensmall, so the fluids can be described in terms of the Stokes
brane is in a fluid state (is&l liquid), which is typical of lipid ~ equation. Furthermore, we assume that an adiabaticityicond
bilayers under normal conditions. Second, we assume tlat tttion max{s, x/(nr3)} < n/(or2) is satisfied wherg is the
vesicle has an excess area, that enables one to treat the meriscosity ando is the mass density of the exterior fluid. The
brane as incompressible. Third, we assume that the membrasame condition is assumed for the interior fluid. Then the flow
is impermeable to the surrounding liquids, the condition isinside and outside the vesicle can be treated as instanislyeo
usually well satisfied in experiment. Finally, we take inte a adjusted to the vesicle motions and it is possible to establi
count the membrane internal viscosity, which could play ara closed dynamical equation for the membrane displacement
essential role, say, in the vicinity of the lipid-bilayer g ~ w«. For this purpose, one should find the velocity fieldn-
point [18] (see also Refs. [7, 10]). The two properties, theside and outside the vesicle at a given displaceméfity)
membrane incompressibility and impermeability, implyttha and then equat@,« to the membrane normal velocity. To find
both the vesicle volum¥® and the membrane arehare con-  the velocity field one should solve the Stokes equation with
served. The excess area can be characterized by a dimensitroundary conditions dictated by the membrane incompress-
less factorA, which is defined asl = (47 + A)r3, wherer,  ibility and by the momentum balance that includes membrane
is a vesicle “radius” determined by its volumg:= 473 /3.  forces determined by the energy (1) [14, 20, 21] and mem-
The excess area is non-negative, > 0, and the minimal brane viscosity. To realize the program for a nearly splaéric

valueA = 0 corresponds to an ideal sphere. vesicle one can use a generalization of the Lamb scheme ap-
The membrane free energy can be written as the followingplicable to a spherical body, see Ref. [22]. As a result, one

integral over the membrane position [19] finds the dynamical equation faras a series in.

. In the main approximation in one obtains

]—":/dA(a+—H2), (1)
2 N Tﬂ‘j 1 5.7:(3)
) o a(0p — wip)u = 108;j—%~ — —5———, (2)

whereo is the membrane surface tensidi,is its mean cur- r nry o

vature, andk is Helfrich modulus. The lastterm in Eq. (1) de-
scribes energy related to membrane bending distortionte No
that the surface tensiom, is a quantity adjusting to other
membrane parameters (similar to the pressure in an inco

pressible fluid) to ensure the membrane incompressibility. external shear flow,; ;7 /2 — (4/2) sin® 0 sin(2,), where

Th? membrane_mo_ves t(_)gethe_r with the surrounding fIUIdtheX—axis is directed along the velocity. The two differences
That is, the velocity fieldv is continuous on the membrane(f/I

wherea is some dimensionless operator, reflecting all viscous
mechanisms, theZ-axis of our reference frame is chosen to
be directed opposite to the angular velocityandF(*) is an
n%'xpansion up to third order im of the free energy (1). For an

. . . pbetween the equation (2) and analogous equations obtayned b
andv determines the membrane velocity as well as the fluid, . 9 (2) 9¢ d . .
. - o isbah [3] and Vlahovska and Gracia [16] are the inclusion
velocity. We divide the flow near the vesicle into two parts: . . . .
) . - of the membrane viscosity and third order expansion term of
an external flow which would be present in the fluid in the

absence of the vesicle, and an induced flow which is excitegw Helfrich energy. Animportance of the third-order teigns

as a result of the vesicle reaction to the external flow. We aS_ISCUSSGd ?ISO by Noguchi and Gompper [4]' .
We take into account only the main contributionitdeter-

sume that the characteristic scale of the external flow ismuc_ . . . .

: . .._mined by second order angular harmonics. That is, the eesicl
larger than the vesicle size. Then the external flow velocity h . linsoid. It is iustified by th Iness\adind
V near the vesicle can be approximated by a linear profileS ape is an ellipsoid. ltis J.US“ e y.t © SMaTNEeSsAEn
Generally, the external flow has both strain (elongatiomad) by the fact that the non-uniform term in the right-hand sifle o

Y 9 Eq. (2) is a linear combination of second order angular har-

rotational contributionsb; Vi = sy, + €ix;jw;, Wheres is the monics. The operatarin this case is reduced to a constant,
(symmetric) strain matrix and is the angular velocity vec-
231
n, ¢ ) ’

tor. The strain can be characterized by its strengtefined 16
ass? = tr 32/2. Note that for a shear flow = w = 4/2, a=3 (1 + 327 " 20
where? is the shear rate.

We examine nearly spherical vesicles. That is, the exwheres is the viscosity of the interior fluid anglis the mem-
cess area parametex is regarded to be small. Then it is brane viscosity. After passing to the variablé/A the equa-
natural to describe the vesicle shape (membrane posit®n) dion (2) acquires a self-similar form containing the parame
r = ro[l + u(f, )] wherer, 0,  are spherical coordinates in tersvAaw/s, syrd/(kA) and some dimensionless param-
the reference system with origin chosen at the vesicle centeeters characterizing ratios of the eigenvalues of the matri
The quantityu is a dimensionless displacement characterizand mutual orientation of the vorticity vectarand the main
ing deviations of the membrane shape from spherical one. Faxes of the matrix.
small A the displacement can be estimated as ~ /A. Below, we consideRd external flows where the external
Thereforeu < 1 and one can formulate a perturbation expan-velocity V' lies in theX — Y plane and is independentofin
sion in this parameter. this case the equation far/v/A includes two dimensionless

®3)
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(5,6) near the point to obtaird; (30, 5®) = B(30, 6®). The
point is stable, if both eigenvalues of the matihave nega-
16} Tumbling ] tive real parts. Thus the stability conditions areB < 0 and

1.8

l _ = Trembling det B > 0. Aregion in theS — A plain where stable points
' s 2 exist is indicated in Fig. 2 as gray.

12p Sy oscillating relazation The stable point is characterized y> 0 if A < 2/+/3,
N e and® < 0 otherwise. AtA = 2/1/3, ® = 0,0 = 7/6. The

< Tunk — Treading dashed-dotted line in Fig. 2 is determined by the condition
08 Sox (tr B)? = 4det B, it separates regions where oscillatory and

~

06 RN damping regimes of approaching the stable point occur. The
damping relagation S boundary of the stability domain can be determined either by
04 7 the conditionlet B = 0 ortr B = 0. The corresponding lines

0.2 ] are drown in Fig. 2 merging at the poifit= v/3, A = 2/+/3.

At crossing the lines a saddle-node bifurcation occurs é th
0 2 4 6 8 10 first case (corresponding £ < /3) whereas a Hopf bifurca-
tion occurs in the second case (corresponding te v/3). A

limit cycle is realized in the system for points above tha@ira
FIG. 2: Phase diagram of the vesicle states onfthe A plane. sition lines. Following the work [2] we distinguish tumbdjn
and trembling regimes. In our terms, trembling corresponds
to a limit cycle whereb varies in a restricted interval (around
zero) whereas tumbling means an increas@ dfy 27 dur-

parameters which can be chosen as

3 ing the cycle. The dashed line in Fig. 2 separates the two
= Ldm 87720 , = V3 \/Zaw. (4) regimes, trembling is realized below the line. An arrangeime
SRR 4v10m s of vesicle states predicted by our theory corresponds to the

The paramete$ characterizes relative strength of the exter-On€ observed in experiment [2]. Qualitatively, our pictise
nal flow (of its strain) whereas the parametedetermines an also similar to the one observed in recent numerical simula-
effectiveness of the rotational part of the external flowthia  tions by Noguchi and Gompper [4]. Note that at infinitely
case of weak straing§ < 1, the vesicle conserves its equi- largen org‘ia s_oI|d ball_behawor of the vesu;le should be ob-
librium shape, and in the case of strong straifiss 1, the served whlch~|s turr_1bI|n_g as Jeffrey estabhsheq [23]. In our
vesicle shape is determined by the external flow. Note that oiScheme large or ¢ implies largeA, corresponding to tum-
theory is applicable, particularly, to purely elongatibffaws, b“”_g region, indeed. o _
wherew = 0 and, consequently, = 0. Linearity of Stokes equation implies that an expression for
For the2d external flow, one can further reduce the descrip-J:u has two contributions, proportional to the bending modu-

tion of the vesicle shape to be characterized by two paramdus « and to the velocity gradie@ V.. In the equation (2) we
ters,© and®, specifying the displacementas kept leading terms of both types. There are correctionsgo th

leading gradient term which can be estimatedw@asThey ex-

VHA [sin® ceed thes-proportional term in strong flows, faf > 1/VA.
U= —— | ——
421 [ V3

However, an account of these corrections does not change our
results. This is due to a specific symmetry of the system: the

The paramete® determines the vesicle inclination angle equation for in the case ok = 0 is invariant under the trans-

whereas the parametérdetermines the vesicle shape (ratiosformationt — —t andd;V;, — —9;Vj. In terms of the vari-

of the ellipsoid main semiaxes). We choose the reference syables® and© the transformation reads— —t, ® — —®,

tem where the diagonal elements of the stain matase zero. © — ©. Next, the system of equations (5,6) where the last

(1—3 cos?0) +cosO sin?@ cos(2¢p —2®)| .

Then Eq. (2) is reduced to a couple of equations term in the second equation is omitted (it corresponds to the
limit x — 0 considered in Refs. [3, 16]), has an integral of
70,® = 5 [Cos(m) _ A} ’ (5)  motionsin ©/[A — cos © cos(2®)]. It enables one to analyze
2 | cos® in detail the system dynamics. For< 1 the phase portrait of
70,0 = —S'sin O sin(2P) + cos(30), (6) the system is composed of two symmetric nodes, one stable
7T anrd and another unstable. Fdr > 1 it consists of a system of
where T= 120/10 RV/A (7) cycles, each symmetric under tkle — —& transformation.

The 9;V}.-proportional corrections disturb slightly the system
The tank-treading vesicle motion corresponds to stable staf cycles but do not change the situation qualitatively ekedi,
tionary points of the equations (5,6). Equating to zeroitjietr ~ due to the symmetrgp — —& each disturbed cycle remains
hand sides of the equations, one finds relations determéinga closed curve. Contrary, theproportional term breaks the
stationary point at given parametéfsand A. To investigate symmetry and leads to destruction of the cycles, except for
the stability of the point one should linearize the equation the only one cycle (or stationary point) which remains sabl



and becomes an attractor of the system. Thus, only this termort from “Dynasty” and RSSF foundations.

is of crucial importance. Following this way, one can repro-

duce our phase diagram depicted in Fig. 2 with the transition
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