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Spin-Hall conductivity and Pauli susceptibility of 2D electron gas with Rashba spin-orbital interaction is
studied theoretically in the semiclassical limit kFl�1. Static spin-Hall conductivity is shown to be zero for any
nonvanishing disorder strength in the general case of the momentum-dependent Rashba velocity ��p� and
nonparabolic spectrum ��p�. This result is derived both by an explicit diagrammatic calculation for the model
of noninteracting electrons in a disorder potential, and via the analysis of general operator commutation
relations, that are valid also for the case of interacting electrons. For the clean limit l→� and in the presence
of electron-electron interactions, we derived the universal relation between frequency-dependent spin-Hall
conductivity �sH��� and Pauli susceptibility ����. Electron-electron interaction is shown to modify the “uni-
versal” value �sH

�0�=e /8�	 by the corrections of the relative magnitude determined by the standard Coulomb
parameter only.
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I. INTRODUCTION

A dissipationless spin current can be generated in re-
sponse to an electric field in semiconductors with the spin-
orbital interaction.1 For the case of an ideal two-dimensional
�2D� electron gas with the Rashba coupling, Sinova et al.2

have found a spin-Hall current of the transverse �z� spin
component as a response to an in-plane electric field E� , j�

z

=�sH���E�, with the “universal” spin-Hall conductivity

�sH =
e

8�	
�1�

independent of the Rashba interaction constant � and density
n, provided that both spin-split bands are occupied. This is
the case when the density n
n*=m2�2 /�.

The result �1� is drastically modified by the presence of
disorder: for the standard Rashba model it was demonstrated
that dc spin-Hall conductivity vanishes even in the case of an
arbitrary weak disorder.3–6 Although now there is no doubt
about validity of this result, its physical origin does not seem
to be completely clear, as it comes in calculations in the form
of a somewhat mysterious cancellation between two nonva-
nishing contributions. In particular, it is not a priori evident
if the same cancellation takes place for the generalized
Rashba model with a momentum-dependent spin-orbital cou-
pling constant ��p� and a general non-parabolic spectrum
��p�. Note that both these generalizations would lead to the
lack of the special symmetry of the standard Rashba model,
leading to equal values v+=v− of the Fermi velocities of the
two chiral branches. In this paper we provide a fully micro-
scopic diagrammatic calculation of the spin-Hall conductiv-
ity for the generalized model of a non-parabolic spectrum
and an arbitrary momentum dependence of the Rashba ve-
locity �3�. We show that in the static limit �sH=0 indepen-
dently upon the relation between the inverse elastic scatter-
ing time 1/� and the spin-orbital band splitting �=�pF,
similarly to the standard Rashba model studied in Refs. 3–6.
Generality of this result indicates that it might be possible to
derive it using some very general arguments, and it is indeed

the case: we show, using some operator commutation rela-
tions �valid for interacting electrons as well�, that the absence
of the static spin-Hall conductivity follows from the station-
arity of the state of an electron system with an applied elec-
tric field, thus �sH=0 for any nonvanishing disorder.

In a very clean 2D electron gas the mean free path l may
exceed the system size L, and it is worth analyzing the
frequency-dependent spin-Hall response �sH���. Recently,
Rashba demonstrated7 a direct relation between �sH��� and
the dielectric response function ���� of a clean noninteract-
ing 2DEG with a spin-orbital interaction. We derive below a
universal relation between the frequency-dependent spin-
Hall conductivity �sH��� of a clean 2DEG and its in-plane
magnetic susceptibility �����, providing additional argu-
ments in favor of the equilibrium nature of the spin-Hall
constant

�sH��� =
2e

�g�B�2mb
����� , �2�

where mb is the band mass, �B is the Bohr magneton, and g
is the Lande factor. The relation �2� is valid for any spin-
independent electron-electron interactions, at any frequency
and for any electron density n consistent with the use of a
parabolic band spectrum, ��p�= p2 /2mb. This relation �2�
holds even in the case of a very low n�n*, when only one
chiral subband is populated and the result of Sinova et al.,2

Eq. �1�, is not applicable.
Finally, we calculate corrections to the spin-Hall conduc-

tivity that are due to two-particle electron-electron interac-
tion, and find these corrections to be nonzero. A direct mi-
croscopic calculation to the first order in the interaction
strength shows that the electron-electron interaction renor-
malizes both the spin-Hall conductivity and the in-plane spin
susceptibility, while keeping relation �2� intact. Relative
magnitudes of these corrections are proportional to the di-
mensionless Coulomb strength e2 /�	vF and do not contain
the spin-orbital subband splitting �.

PHYSICAL REVIEW B 71, 245327 �2005�

1098-0121/2005/71�24�/245327�7�/$23.00 ©2005 The American Physical Society245327-1



The rest of the paper is organized as follows. Section II
contains a microscopic calculation proving that �sH=0 in the
presence of disorder, and a general proof of this result via
operator commutation relations. Then in Sec. III we derive
the universal relation �2� and calculate the interaction-
induced corrections to �sH���. Our conclusions are pre-
sented in Sec. IV.

II. VANISHING OF dc SPIN-HALL CONDUCTIVITY IN
THE PRESENCE OF DISORDER

A. Microscopic diagrammatic calculation

2D isotropic Rashba gas is an electron system with bro-
ken inversion symmetry. In this case an electric field perpen-
dicular to the plane could arise. It has no effect on the elec-
tron orbital motion but it couples to the electron spin via a
relativistic spin-orbit interaction known as the Rashba term.8

The Hamiltonian of an electron consists of the kinetic energy
term and the Rashba term

ĥ���p�� = ��p���� + ��p�����
x p̂y − ���

y p̂x� , �3�

where p̂�=−i	�� is the operator of the momentum of the
electron, ��p� is the band spectrum, ��p� is the Rashba ve-
locity, �i �i=x ,y ,z� are the Pauli matrices, and � , � are the
spin indices. The Hamiltonian �3� can be diagonalized by the
unitary matrix

U�p�� =
1
�2

� 1 1

iei�p − iei�p
� , �4�

where �p is the angle between the momentum p� of the elec-
tron and the x axis, with the eigenvalues

���p�� = ��p� − �p��p� . �5�

The eigenvalues �= ±1 of the chirality operator and the mo-
mentum of the electron p� constitute the quantum numbers of
an electron state �p� ,��. Fermi circles of the Rashba gas with
the different chiralities are split: pF±= pF�1±��pF� /v�pF��,
where Fermi momentum pF solves the equation ��pF�=�,
where � is the chemical potential; v�p�=d��p� /dp is the
band velocity of the electron. The electron velocity in the
chiral state is ����p�� /�p. We assume ��pF��v�pF�, and ne-
glect corrections of the order � /v. The spin-orbital splitting
is then �=2pF��pF�. The density of states on the two Fermi
circles differs as �±=�F�1±�F /vF�, where �F= pF /2�v�pF�.
Contrary to the case of the parabolic spectrum and the
Rashba velocity independent on the momentum, for the
generalized model �3� the Fermi velocities are different
on the two Fermi circles vF+−vF−=2�F�pF /mvF−1�
−2pF�d� /dp�	F. In the following we use the units where
	=1.

In this section we consider the 2D ideal �noninteracting
electrons� Rashba electron gas with the Hamiltonian

ĤR =
 ��
†�r��ĥ���p�����r��d2r� , �6�

at zero temperature. ��
†�r�� and ���r�� are the electron creation

and annihilation operators. Electromagnetic vector potential

A� couples to the orbital motion of the electron according to

the transformation p� →p� −eA� /c in the Hamiltonian �3�.
Variation of the Hamiltonian �27� with respect to A� gives the

electric current operator Ĵ�=���
†�r��� ĵ�������r��d2r�, where the

one-particle current operator reads �it is actually a velocity
ĵ�=ev̂��:

� ĵ�����p�� = e�v�p�
p�

p
��� +

d�p���p��
dp�

�zi����
i � , �7�

with �=x ,y being the spatial index and �zi� being the 3D
totally antisymmetric tensor.

Under the nonuniform SU�2� electron spinor transforma-
tion ���r���U���r�����r��, the Hamiltonian �27� becomes de-
pendent on the SU�2� “spin electromagnetic” vector potential

Â�=A�
0 �0+A�

i �i, where A�
0 coincides with the physical elec-

tromagnetic potential and A�
i =−i Tr��iU+��U� /2. Although

this latter potential is a pure gauge and has no physical con-
sequences, variation of the Hamiltonian �27� with respect to
it defines the spin current of the i component of the spin

along the direction � : Ĵ�
i =���

†�r��� ĵ�
i ������r��d2r�, where the

one-particle spin current operator reads

� ĵ�
i ����p�� = v�p�

p�

p
���

i +
d�p���p��

dp�

�zi����. �8�

Our definition of the spin current �8� coincides with the defi-

nition followed in Ref. 9: Ĵ�
i = �v̂��i+�iv̂�� /2, but differs

from the definition followed in Refs. 1–4 by a factor 2,
which makes our value of the spin-Hall conductivity twice as
large as that in the literature.1–4

The interaction of an electron with short-ranged non-

magnetic impurities at positions R� i, numerated by the index
i, is described by the impurity Hamiltonian

Ĥimp = �
i

 u�r� − R� i���

†�r�����r��d2r� , �9�

where u�r�� is a short-range impurity potential. We assume it
to be sufficiently weak in order for the Born approximation
to be valid. In this limit the impurity model �9� is equivalent
to the model of the Gaussian random potential. We expand
the electron Green’s function averaged over the realizations
of the disorder potential perturbatively in power of the
Hamiltonian �9� using the diagrammatic procedure.10 It is a
sum of diagrams where a chain of electron bare Green’s
functions is separated by impurity “crosses.” Two “crosses”
are connected by the averaged impurity line nimpu

2

=1/2���, where nimp is the density of impurities, and � is
the scattering mean free time. A “cross” does not change the
electron spin and the electron frequency since the electron
scattering off impurity is elastic. Therefore the impurity line
carries zero frequency. Diagrams with crossings of two or
more impurity lines are small as powers of the ratio 1/�F�
�1. The averaged Green’s function is a two by two matrix in
the spin space and it is a solution of the Dyson equation
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G��
−1 ��,p�� − �� − ����� + h���p�� = −

nimpu
2

V
�
p��

G����,p��� .

�10�

It can be conveniently transformed into the chiral basis by
the unitary matrix U�p�� �4�. The retarded and the advanced
averaged Green’s functions are diagonal in the chiral basis
G

���

�R,A��� , p��=G�
�R,A��� , p������, and the solution to the Dyson

Eq. �10� reads10

G�
R��,p�� =

1

� − ���p�� + � + i/2�
����, �11�

where � is explicitly independent of the chirality. The ad-
vanced Green’s function is a complex conjugate of the re-
tarded one: G�

A�� , p��= 
G�
R�� , p���*. The Green’s function in

the spin basis is a nondiagonal two by two matrix:

G�R,A���,p�� = �G↑↑
�R,A���,p�� G↑↓

�R,A���,p��
G↓↑

�R,A���,p�� G↓↓
�R,A���,p��

� , �12�

where �omitting for a moment the frequency and momentum
notations�

G↑↑
�R,A� = G↓↓

�R,A� = �G+
�R,A� + G−

�R,A��/2,

G↑↓
�R,A� = − ie−i�p�G+

�R,A� − G−
�R,A��/2,

G↓↑
�R,A� = iei�p�G+

�R,A� − G−
�R,A��/2, �13�

with the chiral G±
�R,A� being defined in Eq. �11�.

In order to calculate the current, induced in the electron
system by an electric field, we use the Keldysh technique.11

Our result given by Eq. �16� is well known but we derive it
here for consistency. The averaged Keldysh Green’s function
is a four by four matrix G�� , p�� that can be conveniently
factorized into a two by two Keldysh matrix whose elements
are matrices in the spin space themselves:

�G−− G−+

G+− G++
� = �1 − N��� − N���

1 − N��� − N���
�GR��,p��

+ � N��� N���
− 1 + N��� − 1 + N���

�GA��,p�� ,

�14�

where the electron distribution N��� is proportional to the
unit matrix in the spin space.

We choose the gauge for the uniform electric field E� �t�
=E� ���e−i�t to be a time-dependent vector potential A� �t�
=A� ���e−i�t, where A� ���=−icE� ��� /�. Using the Keldysh
technique,11 we average the spin current operator over the
electron state perturbed by the electromagnetic Hamiltonian

Ĥem=−�1/c��d2r� ĵ��r��A��t�, in the first order of the perturba-
tion theory. The spin-Hall conductivity �sH is then found
from the relationship � ĵ�

z ����=����sH���E���� as

�sH =
− 1

V�
�

p�

 d�

2�
Tr� ĵy

z�p��G�� + �,p���z ĵx�p��G��,p���−+,

�15�

where �z is the four by four matrix given by the direct prod-
uct of the Pauli matrix �z in the Keldysh space and the unit
matrix in the spin space, the current operators in Eq. �15� are
the direct product of matrices �7� and �8� and the unitary
matrix in the Keldysh space. Tr in Eq. �15� operates only in
the spin space whereas the indices of −+ element corre-
sponds to the Keldysh space. Substituting the Green’s func-
tion Eq. �14�, we obtain

�sH��� =
1

V�
�

p�

 d�

2�
�Tr
 ĵy

z�p���N�� + ��

�„GR�� + �,p�� − GA�� + �,p��… ĵx�p��GA��,p��

+ GR�� + �,p�� ĵx�p��N���„GR��,p�� − GA��,p��…��� ,

�16�

where the brackets indicate averaging over the disorder. In
the noncrossing approximation the average in Eq. �16� is
given by the sum of the one-loop and the ladder diagrams
shown in Figs. 1 and 2.

First, we calculate the one-loop diagram in Fig. 1 and
denote this part of the spin-Hall conductivity as �sH

0 . It cor-
responds to Eq. �16� with all Green’s functions being substi-
tuted by the averaged Green’s functions �11�. The second
line in Eq. �16� contains the imaginary part of the Green’s
function GR��+� , p�� and the corresponding integral is con-
vergent, therefore we change � to �−� in this second line. At
T=0 the Fermi-Dirac distribution function reads: N���
=��−��. We take the integral over � and in the zero-
frequency limit �→0 we find

FIG. 1. The spin-Hall conductivity given by a one-loop
diagram.

FIG. 2. The vertex correction to the spin-Hall conductivity is
given by a sum of noncrossing ladder diagrams.
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�sH
0 = −

1

V
�

p�

v�p�
2�p

� 1

2p��p�
�S��� − S����

+
1

2�

�� + 1/4�2

��2 + 1/4�2���2 + 1/4�2�� , �17�

where S�x�=arctan�x /2��, �=��p�− p��p�−� and �=��p�
+ p��p�−�. In the large volume limit we substitute
�1/V��p� →��d2p� / �2��2�, and then evaluate the integral over
p� in Eq. �17� in the limit of large Fermi circle ��� , 1 /�.
This procedure, known as the semiclassical approximation,
expresses the momentum p in terms of the quasiparticle en-
ergy �:


 d2p�

�2��2 �
p

2�v�p�
−�

�

�1 + R�p���d�

0

2� d�

2�
, �18�

where R�p�= p−1v−1�p�−m−1�p�v−2�p�. The result reads

�sH
0 =

e

4�
�1 −

1

1 + ����2� , �19�

with the first and the second terms corresponding to the first
and the second terms of Eq. �17�, respectively.

An important observation is that the result �19� coincides
exactly with the result obtained from those terms in Eq. �16�
that contains one retarded and one advanced Green’s func-
tion. These two terms are proportional to dN��� /d�=−����
and all integrals are explicitly confined to the vicinity of the
Fermi circle. Therefore the spin-Hall conductivity, unlike the
usual Hall conductivity, is determined by the quasiparticles
around the Fermi circle and not by the entire Fermi disk.

The ladder diagrams shown in Fig. 2 represent the vertex
corrections to the current. Additional impurity lines improve
the convergence of the integral in Eq. �16�. As a conse-
quence, vertex corrections to the terms in Eq. �16� with the
two advanced or with the two retarded Green’s functions
vanish as max�1/� ,�� /�F�1. Therefore we consider only
the vertex corrections to the terms with one advanced and
one retarded Green’s function as it is shown in Fig. 2. For
these diagrams the semiclassical approximation �18� is valid.

The sum of ladder diagrams with n=1,2,…, impurity lines
is given by the expression:

�sH
lad = −
 d2p�

�2��2Tr�J̃y
zGR�0,p��jx�p��GA�0,p��� , �20�

where the sum of n=1¯� vertex corrections to the current
ĵy
z�p�� �with at least one impurity line� is denoted by the ma-

trix J̃y
z. In the spin basis and for short-ranged impurity poten-

tials it does not depend on the electron momentum p� and
satisfies the transfer matrix equation

J̃y
z =

1

2���

 d2p�

�2��2GA�0,p���jy
z�p�� + J̃y

z�GR�0,p�� , �21�

where the Green’s functions G�R,A� are given by Eq. �12�. The
“full” spin current operator with all vertex corrections in-

cluded: ĵy
z�p��+ J̃y

z, is represented diagrammatically in Fig. 3.
In the equations for the current operators �7� and �8� we

expand the electron velocity v�p�=v�pF�+� / �v�pF�m�pF��,
where m−1�p�=dv�p� /dp, to the first order in the deviation
from the Fermi circle: � /�, small in the semiclassical ap-
proximation. We also expand the spin-orbital splitting
p��p�=��pF�
pF+ �1+ �pF /�F�d� /dpF�� /vF�, in the Green’s
functions. We then evaluate Eq. �21� in the semiclassical
approximation �18� neglecting odd powers of �:

�J̃y
z�↑↑ = 
�2 + ����2��J̃y

z�↑↑ + ����2�J̃y
z�↓↓�B ,

�J̃y
z�↓↓ = 
����2�J̃y

z�↑↑ + �2 + ����2��J̃y
z�↓↓�B ,

�J̃y
z�↑↓ = 
− iv�pF��� + �2 + ����2��J̃y

z�↑↓�B ,

�J̃y
z�↓↑ = 
iv�pF��� + �2 + ����2��J̃y

z�↓↑�B , �22�

where B= 1
2 �1+ ����2�−1. From the first two lines of Eqs. �22�

we find �J̃y
z�↑↑= �J̃y

z�↓↓, whereas from the last two lines we

find �J̃y
z�↓↑= iv�pF� / ���� and �J̃y

z�↑↓=−iv�pF� / ����. The inte-
grand of Eq. �20� does not depend on the diagonal elements

of the matrix J̃y
z and therefore we set them to zero: J̃y

z

=�yv�pF� /��. As it was expected the vertex corrections are
proportional to the scattering rate. Integrating Eq. �20� in the
semiclassical approximation �18� over �, we finally find the
ladder part of the spin Hall conductivity �Fig. 2�:

�sH
lad =

e

4�
�− 1 +

1

1 + ����2� . �23�

Remarkably all derivatives of ��p� and v�p� over p have
canceled out.

The spin-Hall conductivity is the sum of Eqs. �19� and
�23� and is zero:

�sH = �sH
0 + �sH

lad = 0. �24�

It explicitly does not depend on the impurity scattering time
�. But, we observe a discontinuity between the spin-Hall
conductivity in the clean system �sH=e /8�	 and the spin-
Hall conductivity Eq. �24� in the presence of the infinitely
small amount of nonmagnetic scatterers. As it was shown in
Ref. 6, this discontinuity is related to the dissipation in the
system, which gives rise to the dissipative part in the spin-
Hall conductivity �sH

D =−e /8�	, which cancels the reactive
part �sH

R =e /8�	.
In an analogous calculation, for the generalized model �3�,

we find the average spin polarization induced by the electric
field

FIG. 3. The vertex of the spin current with the vertex correc-

tions taken into account: jy
z�p��+ J̃y

z.
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�Ŝ�� = ��� e��

2�vF
E�, �25�

in agreement with Refs. 4, 12, and 13. One should notice that
the steady in-plane spin polarization �25� is a consequence of
the zero spin-Hall effect �24�. Nonzero spin Hall conductiv-
ity would result in a non-steady in-plane spin polarization.

B. General proof for the absence of the stationary
spin-Hall current

Rashba, in his recent paper,14 proves that the zero bulk
spin-Hall conductivity is an intrinsic property of the free-
electron Hamiltonian and scattering is merely a tool to reveal
this property in terms of the diagrammatic technique. In this
section we prove the zero spin-Hall conductivity via analysis
of the general operator commutation relations. We start with

the evolution equation of the total spin of the system Ŝ� and
the commutation relation

− i
d

dt
Ŝ� = �Ĥ, Ŝ�� = i��p�

p

v�p�
Ĵ�

z , �26�

where �=x ,y; Ŝ�= 1
2 ���

†�r���̂����r��d2r� is the operator of the

total spin of the electron system, Ĵ�
z is the operator of the

total spin current, defined in Eq. �8�. Remarkably, Eq. �26� is
valid for an electron system with any nonmagnetic disorder
and any electron-electron interaction. If �sH�0, then a ho-
mogeneous in space stationary spin current flows perpen-
dicularly to the homogeneous in space electric field. Averag-
ing the operator Eq. �26� over the stationary density matrix,
we obtain a new equation for the c numbers instead of the
operators: the time derivative of the total observable spin of
the system is equal to the total average spin current. But the
average total spin of a system is a limited quantity, thus such
an equation cannot be valid for an infinitely long time as
needed for a stationary response. This proves that either
�sH=0 or the spin-Hall response in the Rashba metal is a
nonstationary one. In the next section we investigate the sec-
ond possibility which is realized naturally in the case of ac
applied electric field.

III. SPIN-HALL CONDUCTIVITY AND PAULI
SUSCEPTIBILITY IN THE PRESENCE OF ELECTRON-

ELECTRON INTERACTIONS

A. Relation between the frequency-dependent spin-Hall
conductivity and spin susceptibility

We consider the 2D interacting Rashba electron gas at
zero temperature with the Hamiltonian

Ĥ =
 ��
†�r��ĥ���p�����r��d2r� +

1

2

 
 ��

†�r����
†�r���

�U�	r� − r��	����r������r��d2r�d2r��, �27�

where U�	r�	� is an arbitrary two-electron spin-independent

interaction potential and ĥ���p�� is defined in Eq. �3�. Essen-
tial for the following in this section is the Rashba velocity

independent on momentum: ��p�=�, and the parabolic band
spectrum

��p� =
p2

2mb
. �28�

Hamiltonian �27� is a rather accurate approximation for the
clean two-dimensional semiconducting heterostructures.

To derive the relation �2� between the spin-Hall constant
and the Pauli susceptibility, we start from two exact commu-
tation relations for the total current operator and the total
spin operator. For the assumed parabolic band spectrum �28�,
a certain linear combination of the total charge current J� and

the total spin S� is proportional to the total momentum of the
system and commutes with the interaction part of the Hamil-
tonian. This fact provides us with two exact commutation
relations in the presence of an arbitrary spin-conserving two-
particle interaction U�	r�−r��	� in the Hamiltonian �27�:

�Ĥ, Ĵ�� = − 2iemb�2���Ĵ�
z

and

�Ĥ, Ŝ�� = imb�Ĵ�
z , �29�

where the total current and the spin current operators Ĵ� and

Ĵ�
z are obtained from Eqs. �7� and �8�, using Eq. �28�.

The average spin current of the electron system as a re-
sponse to weak ac electric field Ex�t�=E0xcos �t, is given by
the general quantum mechanical expression in the first order
of perturbation theory15

�Ĵy
z�t�� =

i

2�
m
��Ĵx�m0� e−i�t

���m0 − � − i0�
−

ei�t

���m0 + � − i0��
��Ĵy

z�0m − H.c.�E0x, �30�

where �m0=�m−�0, with 0 being the ground state, and m
being the exact excitation levels of the interacting system.
Note that we have used the Kubo formula �30� for external
fields homogeneous in space.

Using the exact commutation relations �29�, we can ex-
press the matrix elements of the total charge and spin current
operators in the right-hand side of Eq. �30� in terms of the
matrix elements of the total spin operator

�Ĵy
z�t�� = −

e

mb
�
m
��Ŝy�m0� e−i�t

�m0 − � − i0
+

ei�t

�m0 + � − i0
�

��Ŝy�0m + H.c.�E0x. �31�

Note that now the right-hand side of Eq. �31� is fully
analogous �up to a replacement of the e /mb factor by �g�b�2�
to the linear-response expression for Pauli spin susceptibility
with respect to an in-plane magnetic field Hy�t�=H0ycos �t,
which would replace the electric field E0x. This observation
leads us immediately to the relation �2� which is the main
result of the present paper. This relation holds, remarkably,
for linear response to perturbations with an arbitrary fre-
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quency � which are uniform in space, i.e., q=0. In Ref. 16 a
similar relation between the spin-Hall conductivity and the
Pauli susceptibility is discussed for a noninteracting Rashba
electron gas.

The Fermi liquid response function usually depends on
the ratio � /qvF. For example, in a normal isotropic Fermi
liquid �=0 if the limit q→0, �→0 is taken with the ratio
qvF /�→0 as a consequence of the total spin conservation.
The standard Pauli susceptibility �Pauli=2�B

2���F� is obtained
with the opposite order of limits, � /qvF→0 and q→0. In
the case of the Rashba Fermi gas Gor’kov and Rashba17 have
found that �zz=�� =�Pauli at � /qvF=0 and q→0. We find
�� =

1
2�Pauli and �zz=�Pauli at qvF /�=0 and �→0. In relation

�2� the zero-frequency limit of susceptibility ���→0�
= 1

2�Pauli and spin-Hall response �sH��→0�=1/4�e is
achieved via taking first of all the limit q→0 at nonzero �,
and then decreasing � to zero. Therefore we expect the re-
lation �2� to be valid for qvF /��1.

We checked by direct calculation for a clean system of
noninteracting fermions of higher spin j, that spin suscepti-
bilities and spin-Hall conductivities �32� follow relation �2�.
It is interesting that we find that in the case of an ideal 2D
Rashba gas of fermions of arbitrary half-integer spin j the
value of the spin-Hall constant is also universal and grows
with j:

�sH�j� =
e

2�
�

m=−j

j

m2. �32�

B. Interaction corrections to the spin-Hall conductivity

In this subsection we calculate the interaction corrections
to the spin-Hall conductivity �1� for a clean system in the
zero-frequency limit: lim�→0lim�→���sH���. We use the
Keldysh technique.11 In the lowest order of the e-e interac-
tion U�	r�	�, three diagrams, shown in Fig. 4, contribute to
��sH���.

We choose the gauge for the uniform electric field E� �t�
=E� ���e−i�t to be a time-dependent vector potential A� �t�
=A� ���e−i�t, where A� ���=−icE� ��� /�. Using the Keldysh
technique we average the spin current operator over the
electron state perturbed by both the electromagnetic

Hamiltonian, Ĥem=−�1/c��d2r� ĵ��r��A��t�, and the electron-
electron interaction Hamiltonian 1

2 /��
†�r����

†�r���U�	r�
−r��	����r������r��d2r�d2r��, to the first order of the perturbation
theory. The correction to the spin-Hall conductivity ��sH is
then found from the relationship � ĵ�

z ����=�����sH���
+��sH����E����. The resulting expression for the correction
to the spin-Hall conductivity from the electron-electron in-
teractions reads as follows:

��sH��� =
e

2V�
�
p� ,p��


 d�

2�

d��

2�
Tr�A + B + C�−+U�	p� − p��	� ,

where

A = Jy
zG�� − �,p����z,G��� − �,p����zJxG���,p����+G��,p�� ,

B = Jy
zG�� − �,p���zJxG��,p����z,G���,p����+G��,p�� ,

C = Jy
zG��,p����z,G���,p����+G��,p���zJxG�� + �,p�� . �33�

�z is the four by four matrix given by the direct product of
the Pauli matrix �z in the Keldysh space and the unit matrix
in the spin space. The averaged Keldysh Green’s function
G�� , p�� is a four by four matrix, defined in Eq. �14�, where
for this section we can choose the electron distribution N�p�
as a function of the momentum p due to the preserved trans-
lation invariance �no disorder�, and for the advanced and the
retarded Green’s functions we set in Eq. �11� �→�. The
current operators in Eq. �33� are the direct products of the
matrices �7� and �8� for the parabolic spectrum �28� and the
unitary matrix in the Keldysh space. The Tr in Eq. �33� op-
erates only in the spin space whereas the indices −+ corre-
spond to the Keldysh space.

Calculation of the integrals in Eq. �33� in the limit �
→0 leads to the following result for the correction to the
static conductivity:

��sH = − e
 
 d2p�

�2��2

d2p��

�2��2�N�p��N�p��U�	p� − p��	�F�p� ,p��� .

Here

FIG. 4. The correction to the spin-Hall conductivity from the
electron-electron interactions is given by the sum of the three dia-
grams, which have equal sign and coefficient. Indices +, − , � , �
correspond to the Keldysh space. Dashed lines correspond to the
interaction U�	p� − p��	�.
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�N�p� = N+�p� − N−�p�

and

F�p� ,p��� =
cos�� − ���
− p2 + pp�cos�� − ����

8mb�2p2p�2 , �34�

with N±�p� being the distribution functions of the two Fermi
circles of different chiralities. For zero temperature N±�p�
=��−p+ pF±�. Our result �34� agrees with Ref. 18.

Explicit integration over momenta in the expression �34�
was performed for small spin-orbit interaction � /vF�1 in
two limiting cases: short-ranged two-particle interaction
�Coulomb potential screened on the length scale �−1 smaller
than interparticle distance�, and full long-range Coulomb in-
teraction. In the Fourier space these interaction potentials
are: U1�	p� − p��	�=2�e2 /��, and U2�	p� − p��	�=2�e2 /�	p� − p��	.
The final expressions for �sH in these two cases are as fol-
lows:

�sH
�short� =

e

4�	
�1 −

mbe2

2��
� �35�

for the short-range potential and

�sH
�Coulomb� =

e

4�	
�1 −

2mbe2

3��pF
� �36�

for the Coulomb potential. It is seen that the correction to the
spin-Hall conductivity is independent of the spin-orbit con-
stant � �in Eq. �36� corrections of the order �� /vF�2�1 are
neglected�, and is proportional to the standard Coulomb in-
teraction parameter e2 /�	vF.

For completeness we have performed direct diagram cal-
culations of the interaction correction to the in-plane suscep-
tibility, represented by three diagrams similar to those shown
in Fig. 1. The results for the relative corrections to the in-
plane susceptibility were found to coincide with expressions
�35� and �36�, in agreement with the general relation �2�.

IV. CONCLUSIONS

To conclude, we have generalized the result of Inoue et al.
Ref. 3 �sH=0 for the case of the arbitrary electron dispersion,
arbitrary strength of disorder, and arbitrary momentum de-
pendence of the Rashba velocity ��p�, which extends con-
siderably its applicability range. In particular, we found that
vanishing of the spin-Hall conductivity in bulk samples with
impurities is not limited to the specific case of equal Fermi
velocities on different chiral branches. Our result Eq. �24�
agrees with Refs. 4–6. Moreover, we provided general argu-
ments for the zero static bulk spin-Hall conductivity in the
presence of an arbitrary nonmagnetic disorder and arbitrary
spin-conserving electron-electron interaction.

In the second part of the paper we have shown that the
frequency-dependent spin-Hall conductivity and the Pauli
susceptibility of a clean interacting 2D Rashba EG are pro-
portional to each other, with the coefficient containing band
mass, Lande factor and Bohr magneton only. We calculated
the first-order interaction-induced correction to the spin-Hall
conductivity and found it to be proportional to the standard
dimensionless interaction strength. We expect our results for
the clean Rashba electron gas to be directly relevant for sub-
micron samples with size less than the elastic scattering
length. The influence of disorder upon �sH in the presence of
electron-electron interactions was studied in Ref. 18.
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